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SHORT-TIME EXISTENCE OF THE RICCI FLOW ON
NONCOMPACT RIEMANNIAN MANIFOLDS
GUOYI XU
Abstract. In this paper, we give the first detailed proof of the short-
time existence of Deane Yang’s local Ricci flow. Then using the local
Ricci flow, we prove the short-time existence of the Ricci flow on non-
compact manifolds, whose Ricci curvature has global lower bound and
sectional curvature has only local average integral bound. The short-time
existence of the Ricci flow on noncompact manifolds with bounded cur-
vature was studied by Wan-Xiong Shi in 1990s. As a corollary of our
main theorem, we get the short-time existence part of Shi’s theorem in
this more general context.
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1. Introduction
In his well-known paper [5], R. Hamilton introduced the Ricci flow on
compact Riemannian manifolds which has proved to be very useful in the
research of differential geometry and topology. Let us recall the definition
of the Ricci flow, it is the solution of the evolution equation deforming the
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metric on any n-dimensional Riemannian manifold (Mn, gi j):
(1.1)
{
∂
∂t gi j(x, t) = −2Ri j(x, t)
g(x, 0) = g0(x)
where Ri j is the Ricci curvature of Mn at time t.
The first thing in the study of the Ricci flow on Riemannian manifolds is
the short-time existence of the solution. In the case where Mn is compact,
it is well known that for any given initial metric gi j on Mn, the evolution
equation (1.1) always has a unique solution for a short time (see [4], [5]).
To prove Yau’s Uniformization Conjecture, W-X Shi initiated studying
the Ricci flow on complete noncompact Riemannian manifolds. The short-
time existence problem of the evolution equation (1.1) is more difficult than
the compact case. In [12], Shi proved that if (Mn, gi j) is complete noncom-
pact with bounded curvature, then the Ricci flow (1.1) has a solution with
bounded curvature on a short time interval. Note Shi’s theorem requires that
the initial manifold (Mn, g0) has the bounded geometry, i.e. the curvature of
Mn must have point-wise estimate.
In [15], Deane Yang introduced the local Ricci flow. We recall the defini-
tion of local Ricci flow firstly. Let Mn be a smooth n-dimensional manifold
with Riemannian metric g0, Ω an open bounded domain of Mn and n ≥ 3.
Let χ be a nonnegative smooth compactly supported function on Ω, and
0 ≤ χ ≤ 1. The local Ricci flow is the solution of the following evolution
equation:
(1.2) ∂g
∂t
= −2χ2Rc(g), g(0) = g0, χ ∈ C∞0 (Ω)
In this paper, using the local Ricci flow, we prove
Theorem 1.1. Assume (Mn, g0) is a n-dimensional (n ≥ 3) complete non-
compact Riemannian manifold, satisfying the following conditions:
(1.3)

( >
Bx(4r0) h
2n
n−2 dVg0
) n−2
n ≤ A0r20
>
Bx(4r0) |∇h|
2dVg0 ,( >
Bx(r0) |Rm(g0)|
p0dVg0
) 1
p0 ≤ K1
for any x ∈ M and h ∈ C∞0 (Bx(4r0)), where A0 ≥ 1, p0 > n2 , K1 and r0 are
positive constants.
Then the Ricci flow (1.1) has a smooth solution gi j(x, t) on [0, T22 ] (where
T2 is defined in (5.25) ), and satisfies the following estimates. For any inte-
ger m ≥ 0, there exists a positive constant C(A0, K1,m, n, p0, r0) depending
only on A0, K1, m, n, p0 and r0, such that
(1.4) sup
x∈M
|∇mRm(x, t)| ≤ C(A0, K1,m, n, p0, r0)
t
m
2
(t− n2p0 + t 1p0 ), 0 < t ≤ T2
2
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Especially,
(1.5) sup
x∈M
|Rm(x, t)| ≤ C2(t−
n
2p0 + C
n+2
2p0
1 t
1
p0 ), 0 < t ≤ T2
2
where C1 and C2 are define in (5.9) and (5.16).
Theorem 1.1 requires only the integral conditions on the curvature ten-
sor of the initial manifold and a local Sobolev inequality. By [10], local
Sobolev inequality is valid on Riemannian manifolds whose Ricci curva-
ture has a lower bound. Hence we can generalize Shi’s theorem in more
general context in the following corollary.
Corollary 1.2. Assume (M, g0) is a n-dimensional (n ≥ 3) complete non-
compact Riemannian manifold, satisfying the following conditions:
(1.6)
 Rc(g0) ≥ −Kg0 ,( >
Bx(r0) |Rm(g0)|
p0dVg0
) 1
p0 ≤ K1
for any x ∈ M, where p0 > n2 , r0, K and K1 are positive constants.
Then the Ricci flow (1.1) has a smooth solution gi j(x, t) on [0, T ], and
satisfies the following estimates. For any integer m ≥ 0, there exists positive
constant C(K, K1,m, n, p0, r0) such that
sup
x∈M
|∇mRm(x, t)| ≤ C(K, K1,m, n, p0, r0)
t
m
2
(t− n2p0 + t 1p0 ), 0 < t ≤ T
where T = T (K, K1, n, p0, r0) is a positive constant depending only on K,
K1, n, p0 and r0.
In section 2, we give the detailed proof of short-time existence of the local
Ricci flow following the brief sketch in [15]. In the sketch proof of Theorem
8.2 of [15], Yang considered a similar but different differential system (see
the top of page 91 of [15]) comparing (2.4), and the main difference is that
our principal coefficients in (2.4) are (χ2 + ǫ)uαβ instead of (χ2 + ǫ)vαβ. This
is the key point why we can get C0 a-priori estimate of vi j (see (2.11) etc.)
and the higher order estimate further in Proposition 2.5.
More concretely, for (2.4) we prove that Φǫ : U → V is a contrac-
tion map on [0, T ], where T is independent of ǫ. Then we use fixed point
method to get solution of (2.4) on [0, T ]. Finally, let ǫ → 0, we get the
solution of (2.1) on [0, T ]. And by regularity of parabolic system, the solu-
tion is smooth. All the estimates are about metric tensors and the norms we
considered are respect to the initial metric g0 of manifold Mn.
In spirit, our proof is close to the original proof of Ricci flow’s short-
time existence on compact manifolds by R. Hamilton. In [5], R. Hamilton
used Nash-Moser inverse function theorem, in this paper we use fixed-point
argument in a Sobolev-type inequality.
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In section 3, we discuss the evolution equations and inequalities of cur-
vature tensors under local Ricci flow. In section 4, extension of local Ricci
flow is discussed. The main theorem (Theorem 4.8) of this section was
proved in [15], recently the complete proof was given by Wang among
other things (see [14]). The proof is non-trivial and different from the proof
of Ricci flow’s extension under the bound of curvature. In the proof, the
interplay among the estimates of ∇iχ, ∇ jRm and ∇k(χ2Rm) are interesting
and subtle. Following the proof of Wang, we prove this extension theorem
again to make this paper self-contained. Note all the estimates in section 2,
3 and 4 are valid for any smooth initial manifold (Mn, g0).
After establishing short-time existence of the local Ricci flow and its ex-
tension theorem, we try to get the existence time estimate of the local Ricci
flow independent of the domain Ω. This is done in section 5 and section 6.
Note the time estimate which we get in the proof of short-time existence of
the local Ricci flow, depends on Ω. To get the time estimate independent of
Ω, we need to add some assumptions on the initial manifold (Mn, g0).
The key point of section 5 is: If we assume initial local Lp(p > n2) average
integral bound of curvature tensor and local average Sobolev inequality, we
can get the parabolic version of “local local” energy estimate of curvature
tensor, where the coefficient of
>
ξ
2q−2
i χ
2p′ |Rm|p is independent of Ω. Here
“local local” means that we times two cut-off functions with curvature ten-
sor. One is ξi, which is from partition of unity of the good cover mentioned
before; the other is χ, which is the cut-off function in the local Ricci flow.
Then using modified Moser iteration, we can get point-wise estimate of
χ2Rm on [0, T ], where T is independent of Ω. By the local Ricci flow’s
extension theorem proved in section 4, we get our existence time estimate
independent of Ω. The precise time estimate we get is expressed in explicit
form of curvature bound, diameter of balls in good cover and local Sobolev
constant, and this explicit estimate has its independent interest and applica-
tion (see the remarks 5.15 and 7.1). Another reason we get time estimate in
such explicit expression (with A0, r0, K1, see (5.21) and (5.24) etc.) is that
we are interested in Rc ≥ 0 case, where we can allow r0 → ∞ if there is
suitable initial curvature integral bound on B(r0) as r0 → ∞.
In many situations, critical metrics are interesting, and we have only the
L n2 bound of Rm. In section 6, using different energy estimates we get sim-
ilar existence time estimate of the local Ricci flow on manifolds with small
L n2 bound of Rm, Lp(p > n2) bound of Rc, local Sobolev inequality and
volume doubling property.
In section 7, using a family of local Ricci flows with respect to a family
of expanding domains {Ωi}∞i=1 and the curvature estimates we get in section
5 and 6, we can apply compactness results in Ricci flow to show that a
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subsequence of this family of local Ricci flows converges to the Ricci flow
on the whole manifold when i → ∞.
Finally, it is worth mentioning that our arguments in section 5 and 6 also
apply to compact manifolds. On compact manifolds, we can choose χ ≡ 1
in (1.2), then local Ricci flow is just Ricci flow. Note the minimal existence
time dependent on curvature bound is well-known (see Corollary 7.7 in
[1]), the minimal existence time we get depends on the integral bound of
curvature, which has its own interest.
Acknowledgement: The author is grateful to his advisor Professor Robert
Gulliver for reading this paper and providing comments and suggestions.
He would like to thank his teacher Professor Jiaping Wang for suggesting
this problem and bringing his attention to the article [15], also for his en-
couragement and many helpful discussions. He would like to thank King-
Yeung Lam, Weiwei Wu and Weiyi Zhang for useful discussions.
2. Short-time existence of the local Ricci flow
To prove the short-time existence of the local Ricci flow, we follow the
brief sketch in Deane Yang’s [15]. By DeTurck’s trick, we can equivalently
consider the following local Ricci-DeTurck flow:
(2.1)

∂
∂t gi j = −2χ2Ri j + ∇i(χ2W ) j + ∇ j(χ2W )i
∂
∂tφt(p) = −χ2(p)W (φt(p), t), p ∈ M
φ0 = IdM , gi j(x, 0) = g˜i j(x) , (g0)i j(x)
where W j = g jkgpq(Γkpq − ˜Γkpq). The second equation in (2.1) is a quasilinear
ODE, the solution on M \Ω is IdM\Ω, so one only need to consider the first
family of equations in (2.1).
Lemma 2.1. The following modified evolution equations (2.3) is a degen-
erate parabolic system.
(2.2)
{
∂
∂t gi j = −2χ2Ri j + ∇i(χ2W ) j + ∇ j(χ2W )i
gi j(x, 0) = g˜i j(x)
Proof: On M\Ω, gi j(x, t) ≡ g˜i j(x), one only need to consider the evolution
equations on Ω. Calculate (2.2) directly, use Lemma 2.1 in [12], we get
(2.3)
∂
∂t gi j = χ
2gαβ ˜∇α ˜∇βgi j − χ2(gαβgipg˜pq ˜R jαqβ + gαβg jpg˜pq ˜Riαqβ)
+
1
2χ
2gαβgpq( ˜∇igpα ˜∇ jgqβ + 2 ˜∇αg jp ˜∇qgiβ − 2 ˜∇αg jp ˜∇βgiq
−2 ˜∇ jgpα ˜∇βgiq − 2 ˜∇igpα ˜∇βg jq)
+χχigpq( ˜∇pg jq + ˜∇qgp j − ˜∇ jgpq) + χχ jgpq( ˜∇pgiq + ˜∇qgpi − ˜∇igpq)
gi j(x, 0) = g˜i j(x), x ∈ Ω.
gi j(x, t) = g˜i j(x), x ∈ ∂Ω, t ∈ [0, T ].
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where χi = ˜∇iχ. Note the principal coefficients of (2.3) are (χ2gαβ), it is a
degenerate parabolic system. 
We define the following tensor-valued function spaces and norms:
Definition 2.2.
AT = {U
∣∣∣1
2
g˜i j ≤ ui j ≤ 2g˜i j; U(x, 0) = g˜(x), x ∈ Ω;
U(x, t) = g˜, x ∈ ∂Ω; U ∈ L∞( ¯Ω × [0, T ],⊗2T ∗( ¯Ω))}∣∣∣U(x, t)∣∣∣k = (∑
|α|≤k
∫
Ω
| ˜∇αU(x, t)|2dµg˜
) 1
2
,
∣∣∣U(x, t)∣∣∣T,k = sup
t∈[0,T ]
(
∣∣∣U(x, t)∣∣∣k)
‖ f ‖k ,
∑
|α|≤k
| ˜∇α f |L∞(Ω), k = 0, 1, 2, · · ·
where U : ( ¯Ω× [0, T ] → ⊗2T ∗( ¯Ω)), f is a tensor field or function defined on
Ω and |∇αU(x, t)|2 = g˜i1 j1 · · · g˜is js g˜pkg˜ql( ˜∇i1 · · · ˜∇is upq)( ˜∇ j1 · · · ˜∇ jsukl), where
|α| = s ≥ 0. And
Bm(K)T = {U
∣∣∣ |U |T,m ≤ K; U ∈ L∞( ¯Ω × [0, T ],⊗2T ∗( ¯Ω))}
where m ≥ 0, K > 0.
We consider the following strictly parabolic system by adding ǫ to χ2 in
the principal coefficients, and ǫ ≤ 1 is some positive constant.
(2.4)

∂
∂t vi j = (χ2 + ǫ)uαβ(vi j)αβ + Di j(U,V) + Bi j(U, ˜∇U)
vi j(x, 0) = g˜i j(x) x ∈ Ω.
vi j(x, t) = g˜i j(x) x ∈ ∂Ω, t ∈ [0, T ].
where U = (ui j)ni, j=1, V = (vi j)ni, j=1, (vi j)αβ = ∇˜α∇˜β(vi j),
Di j(U,V) = −χ2[(uαβg˜pq ˜R jαqβ)vip + (uαβg˜pq ˜Riαqβ)v jp] ,
Bi j(U, ˜∇U) = Ei j + Fi j ,
Ei j =
1
2
χ2uαβupq( ˜∇iupα ˜∇ juqβ + 2 ˜∇αu jp ˜∇quiβ − 2 ˜∇αu jp ˜∇βuiq
− 2 ˜∇ jupα ˜∇βuiq − 2 ˜∇iupα ˜∇βu jq) ,
Fi j = χχiupq( ˜∇pu jq + ˜∇qup j − ˜∇ jupq) + χχ jupq( ˜∇puiq + ˜∇qupi − ˜∇iupq) ,
We defineΦǫ(U) = V , if V is the solution of (2.4). And Aαβǫ , (χ2+ǫ)uαβ.
Then
(2.5) ∂
∂t
vi j = Aαβǫ (vi j)αβ + Di j(U,V) + Bi j(U, ˜∇U)
Remark 2.3. In (2.5), there is no ∇V term, and this is one of the reasons
we can get C0-estimate of V in Proposition 2.5.
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We firstly prove a technical lemma about the norm of U−1 using in-
terpolation inequalities. We define the Sobolev constant Cs(Ω, g(t)) for
Ω ⊂ (M, g(t)) as the following:
|h|C0(Ω) ≤ Cs(Ω, g(t))
( ∫
Ω
|∇h|2g(t)dVg(t)
) 1
2
, ∀h ∈ C∞0 (Ω)(2.6)
In this section we only need to use Cs(Ω, g0) (which are equalt to Cs(Ω, g(0)) =
Cs(Ω, g˜)), because the covariant derivatives, tensor norm considered in this
section are all respect to g˜.
Choose G = 2
√
nVg˜(Ω) 12 and some fixed p˜ > min{ n2 , 3} in the rest of this
section. Note
∣∣∣g˜∣∣∣
m
=
√
nVg˜(Ω) 12 for any m ≥ 0.
Lemma 2.4. Assume U ∈ AT and |U−1(x, t)|L∞ ≤ C0 for some t ∈ [0, T ],
then∣∣∣U−1(x, t)∣∣∣k+1 ≤ C(k,C0,Cs(Ω, g0))(∣∣∣U(x, t)∣∣∣p˜+1 + 1)k+1(∣∣∣U(x, t)∣∣∣k+1 + 1),
where k = 0, 1, 2, · · · .
Proof:∣∣∣ ˜∇k+1U−1∣∣∣L2 = | ˜∇k(U−1U−1 ˜∇U)|L2 = | ˜∇k(U−2 ˜∇U)|L2
≤ C(k)((|U−2|L∞ + 1)| ˜∇U |k + |U−2|k(| ˜∇U |L∞ + 1))
≤ C(k,C0)| ˜∇U |k +C(k,C0,Cs(Ω, g0))|U−1|k(|U−1|L∞ + 1)(|U | p˜+1 + 1)
≤ C(k,C0,Cs(Ω, g0))|U |k+1 +C(k,C0,Cs(Ω, g0))|U−1|k(|U | p˜+1 + 1)
Let ak =
∣∣∣U−1∣∣∣k, ck = ∣∣∣U∣∣∣k, b = (∣∣∣U∣∣∣ p˜+1+1), then ak+1 ≤ C(k,C0,Cs(Ω, g0))ck+1+
C(k,C0,Cs(Ω, g0))bak. By induction, it is easy to get
ak+1 ≤ C(k,C0,Cs(Ω, g0))(b + 1)k+1(ck+1 + 1)
Hence ∣∣∣U−1∣∣∣k+1 ≤ C(k,C0,Cs(Ω, g0))(∣∣∣U∣∣∣ p˜+1 + 1)k+1(∣∣∣U∣∣∣k+1 + 1)

Proposition 2.5. There exists some t3 = t3(n, p˜,G, ‖χ‖ p˜+2, ‖R˜m‖ p˜+2,Cs(Ω, g0)) >
0, such that Φǫ : At3 ∩ Bp˜+2(G)t3 → At3 ∩ Bp˜+2(G)t3 .
Proof: Choose U ∈ At1 ∩ Bp˜+2(G)t1 , t1 > 0 is to be determined later, we
firstly show that V ∈ At1 if V = Φǫ(U).
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Choose a positive integer m such that 2m > 2n, and choose a normal
coordinate system {xi}, such that at one point
{g˜i j} =

1 0
1
. . .
0 1

{vi j} =

λ1 0
λ2
. . .
0 λn

then
{vi j} =

λ−11 0
λ−12
. . .
0 λ−1n

Now one can define:
φm , v
α1β1 g˜β1α2 · · · vαmβm g˜βmα1 =
n∑
i=1
λ−mi
By (2.5) and ∂
∂t v
i j
= −vikv jl ∂
∂t vkl,
(2.7) ∂
∂t
vi j = −vikv jl[Aαβǫ (vkl)αβ + Dkl(U,V) + Bkl(U, ˜∇U)]
By (61) on page 236 of [12],
(2.8) (vi j)αβ = ˜∇α ˜∇β(vi j) = −vikv jl ˜∇α ˜∇β(vkl) − ˜∇α(vikv jl) ˜∇βvkl
By (2.7) and (2.8),
∂
∂t
vi j = Aαβǫ (vi j)αβ + Aαβǫ (vikv jl)α(vkl)β − vikv jl[Dkl(U,V) + Bkl(U, ˜∇U)]
(φm)t = vα1β1 · · · ( ∂
∂t
vαkβk
) · · · g˜βmα1
= vα1β1 · · ·
[
Aαβǫ (vαkβk)αβ + Aαβǫ (vαk pvβkq)α(vpq)β
− vαk pvβkq[Dpq(U,V) + Bpq(U, ˜∇U)]
]
· · · g˜βmα1
= Aαβǫ (φm)αβ + 2λ−mi χ2uαβRiαiβ − λ−m−1i Bii − 2Aαβǫ λ−m−1p λ−1q (vpq)α(vpq)β
− 2
∑
k,l
∑
p<q
Aαβǫ (λ−1k )m+p−q−3(λ−1l )q−p−3(vkl)α(vkl)β
(2.9)
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and
(2.10) −2
∑
k,l
∑
p<q A
αβ
ǫ (λ−1k )m+p−q−3(λ−1l )q−p−3(vkl)α(vkl)β
= −m∑k,l Aαβǫ ∑m−4σ=−2(λ−1k )m−σ−6(λ−1l )σ(vkl)α(vkl)β
By (2.9) and (2.10),
(φm)t = (χ2 + ǫ)(uαβ)(φm)αβ − 2(λ−1p )m+1λ−1q (χ2 + ǫ)uαβ(vpq)α(vpq)β
−m(χ2 + ǫ)∑m−4σ=−2 uαβ(vkl)α(vkl)β(λ−1k )m−σ−6(λ−1l )σ
+2λ−mi χ2uαβ ˜Riαiβ − λ−m−1i Bii
then
(2.11) (φm)t ≤ (χ2 + ǫ)uαβ(φm)αβ + C(n)χ2
∣∣∣R˜m∣∣∣φm − λ−m−1i Bii
Because U ∈ At1 ∩ Bp˜+2(G)t1 , by definition of Bi j and (2.6),
(2.12) −λ−m−1i Bii ≤ C(n, ||χ||1,Cs(Ω, g0)) · (G + 1)2φ1+
1
m
m
From (2.11), (2.12) and Maximum Principle,(
max
x∈Ω
φm(x, t))t ≤ C(n, ||χ||1, ||R˜m||0,Cs(Ω, g0),G)(max
x∈Ω
φm(x, t) + 1)2
φm(x, t) ≤ 1C0 − Ct − 1, C0 =
1
n + 1
Note φm(0) = 2n, one can choose t1,1 = t1,1(n, ||χ||1, ||R˜m||0,Cs(Ω, g0),G) >
0, such that when t ∈ [0, t1,1], φm(x, t) ≤ 2m, then
λi ≥
1
2
, i = 1, 2, · · · , n
Now define
ψm = vα1β1 g˜
β1α2 · · · vαmβm g˜βmα1 =
n∑
i=1
λmi
(2.13)
(ψm)t = (χ2 + ǫ)uαβ(ψm)αβ − 2χ2λmi uαβ ˜Riαiβ + λm−1i Bii
−2(χ2 + ǫ)∑ j<k λm+ j−k−1q λk− j−1r uαβ(vqr)α(vqr)β
≤ (χ2 + ǫ)uαβ(ψm)αβ +C(ψm + 1)2
Similarly, by (2.13) and Maximum Principle,
φm(x, t) ≤ 1C0 − Ct − 1, C0 =
1
n + 1
Choose t1,2 = t1,2(n, ||χ||1, ||R˜m||0,Cs(Ω, g0),G) > 0, such that when t ∈
[0, t1,2], ψm(x, t) ≤ 2m, then
λi ≤ 2 i = 1, 2, · · · , n
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Set t1 = min{t1,1, t1,2} (note t1 = t1(n, ||χ||1, ||R˜m||0,Cs(Ω, g0),G)) ,then
when t ∈ [0, t1], 12 ≤ λi ≤ 2, hence V ∈ At1 . In fact we proved that V ∈ At1
if U ∈ At1 ∩ Bp˜+2(G)t1 and V = Φǫ(U).
By (2.5), for m ≥ p˜ + 2,
(2.14) ∂
∂t
∣∣∣V ∣∣∣2
m
= 2
∑
|α|≤m
∫
Ω
(g˜−1)|α|+2 ˜∇αvkl ˜∇α
(
∂
∂t vi j
)
= I1 + I2 + I3 + I4
where
I1 = 2
∑
|α|≤m
∫
Ω
(g˜−1)|α|+2 ˜∇αvkl ˜∇α(vi j)pqApqǫ
I2 = 2
∑
|α|≤m
∫
Ω
(g˜−1)|α|+2 ˜∇αvkl
[
˜∇α(Apqǫ (vi j)pq) − Apqǫ ˜∇α(vi j)pq
]
I3 = 2
∑
|α|≤m
∫
Ω
(g˜−1)|α|+2 ˜∇αvkl ˜∇αDi j, I4 = 2
∑
|α|≤m
∫
Ω
(g˜−1)|α+2 ˜∇αvkl ˜∇αBi j
(2.15) I1 ≤ −2
∑
|α|≤m
∫
(g˜−1)|α|+2
(
( ˜∇αvkl)p ˜∇α(vi j)qAǫ + ( ˜∇αvkl) ˜∇α(vi j)q(Aǫ)p
)
≤ −1
2
∑
|α|=m
∫
(χ2 + ǫ)
∣∣∣ ˜∇α+1V ∣∣∣2 + C(n,m,G,Cs(Ω, g0), ||χ||1)∣∣∣V ∣∣∣2m
where we used the fact | ˜∇U−1| ≤ |U−1|2| ˜∇U | ≤ C(G,Cs(Ω, g0)).
(2.16) I2 ≤ 2
∑
|α|≤m
∣∣∣∣ ˜∇αV ∣∣∣∣
L2
·
[
C(||χ||1)
( ∫
(χ2 + ǫ)
∣∣∣ ˜∇α+1V ∣∣∣2) 12
+
∣∣∣∣ ˜∇α−2[ ˜∇2Apqǫ (V)pq]∣∣∣∣L2]
By interpolation inequality, it is easy to get∣∣∣∣ ˜∇α−2[ ˜∇2Apq(V)pq]∣∣∣∣
L2
≤ C(||χ||2,m)|V |m + C(m,Cs(Ω, g0))(|V | p˜+2 + 1)(|Apqǫ |m + 1)
From lemma 2.4 and |U−1|L∞ ≤ 2n∣∣∣U−1∣∣∣k+1 ≤ C(k,Cs(Ω, g0))(∣∣∣U∣∣∣ p˜+1 + 1)k+1(∣∣∣U∣∣∣k+1 + 1)
Hence
(2.17)∣∣∣∣ ˜∇α−2[ ˜∇2Apq(V)pq]∣∣∣∣
L2
≤ C(||χ||2,m)
∣∣∣V ∣∣∣
m
+C(m,Cs(Ω, g0))(∣∣∣V ∣∣∣p˜+2 + 1)(∣∣∣U∣∣∣m + 1)
By (2.16) and (2.17),
(2.18) I2 ≤ 116
∑
|α|=m
∫
(χ2 + ǫ)
∣∣∣∣ ˜∇α+1V ∣∣∣∣2 + C(||χ||1)∣∣∣V ∣∣∣2m
+C(m, ||χ||2,Cs(Ω, g0))
∣∣∣V ∣∣∣
m
(∣∣∣V ∣∣∣p˜+2 + 1)(∣∣∣U∣∣∣m + 1)
RICCI FLOW ON NONCOMPACT RIEMANNIAN MANIFOLDS 11
Similar with estimate of I2,
(2.19) I3 ≤ C(m, ||χ||m, ||R˜m||m,Cs(Ω, g0))
(
|V |2m + |V |m
(∣∣∣V ∣∣∣p˜ + 1)(|U |m + 1))
(2.20) I4 = I5 + I6
where
I5 = 2
∑
|α|≤m
∫
(g˜−1)|α|+2 ˜∇αvkl ˜∇αEi j
I6 = 2
∑
|α|≤m
∫
(g˜−1)|α|+2 ˜∇αvkl ˜∇αFi j
for I5, we only estimate one term of it as the following, the rest are similar.
2
∑
|α|≤m
∫
(g˜−1)|α|+2 ˜∇αvkl ˜∇α[12χ
2ursupq(urp)i(usq) j]
≤ C(n)
∑
α
[
| ˜∇αV |L2 · | ˜∇α−1[ ˜∇(χ2U−2) · ( ˜∇U)2]|L2
]
+ C(n)
∑
α
∫
˜∇αV · (χ2U−2) ˜∇α( ˜∇U ˜∇U)
≤ C(n,m, ||χ||m,Cs(Ω, g0))|V |m ·
[
|U−2|m|
(( ˜∇U)2| p˜ + 1) + (|U−2| p˜+1| + 1)( ˜∇U)2|m−1]
+C(n)
∑
α
∫ ∣∣∣ ˜∇α+1V · (χ2U−2) ˜∇α−1( ˜∇U ˜∇U)∣∣∣ +C(n)∑
α
∫ ∣∣∣ ˜∇αV · ˜∇(χ2U−2) ˜∇α−1( ˜∇U ˜∇U)∣∣∣
≤ 164
∑
|α|=m
∫
χ2| ˜∇α+1V |2 +C(n,m, ||χ||m,Cs(Ω, g0),G) ·
(
|V |m(|U |m + 1) + |U |2m + |V |m|U |m
)
Hence
I5 ≤
9
64
∑
|α|=m
∫
χ2| ˜∇α+1V |2 +C(n,m, ||χ||m,Cs(Ω, g0),G)
(
|V |m(|U |m + 1) + |U |2m
)
for I6, we only estimate one term of it as the following, the rest are similar.
2
∑
|α|≤m
∫
(g˜−1)|α|+2 ˜∇αvkl ˜∇α[χχiupq(u jq)p]
≤ C(n)
∑
α
∫
˜∇αV · ˜∇α−1[ ˜∇(χ ˜∇χU−1) · ( ˜∇U)] + 2
∑
α
∫
˜∇αV · (χ ˜∇χU−1) ˜∇α+1U
≤ 164
∑
|α|=m
∫
χ2| ˜∇α+1V |2 +C(n,m,G, ||χ||m,Cs(Ω, g0)) ·
(
|V |m(|U |m + 1) + |U |2m + |V |m|U |m
)
Hence
I6 ≤
6
64
∑
|α|=m
∫
χ2| ˜∇α+1V |2 +C(n,m,G, ||χ||m,Cs(Ω, g0))
(
|U |2m + |V |m(|U |m + 1)
)
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Then we get
(2.21)
I4 ≤
15
64
∑
|α|=m
∫
χ2| ˜∇α+1V |2 +C(n,m,G, ||χ||m,Cs(Ω, g0))
(
|U |2m + |V |m(|U |m + 1)
)
By (2.14), (2.15), (2.18), (2.19) and (2.21), and note the sum of the coef-
ficients of ∑|α|≤m ∫ χ2| ˜∇α+1V |2 is negative on the right side, hence
(2.22) ∂
∂t
|V |2m ≤ C
(
|V |2m + |V |m(|V | p˜+2 + 1)(|U |m + 1) + |U |2m
)
where C = C(n,m,G,Cs(Ω, g0), ||χ||m, ||R˜m||m). For simplicity, we use C
instead of C(n,m,G,Cs(Ω, g0), ||χ||m, ||R˜m||m) in the rest of the proof. Let
φ(t) = |V |2m(t), then
φt ≤ Cφ +Cφ
1
2 Q1 + Q2
where Q1 = (|V | p˜+2 + 1)(|U |m + 1) and Q2 = C|U |2m. We can get
(2.23) φt ≤ C(φ + 1)(Q21 + Q2 + 1) ≤ CQ4(φ + 1)
where
(2.24) Q4 = (|V |2p˜+2 + 1)(|U |m + 1)2
Choose m = p˜ + 2, φ(t) = |V |2p˜+2(t), define ψ(t) = |U | p˜+2(t), then Q4 =
(φ + 1)(ψ + 1)2,
φt ≤ C(φ + 1)2(ψ + 1)2 ≤ C(G + 1)2(φ + 1)2 = C(φ + 1)2
where ψ ≤ G because of U ∈ Bp˜+2(G)t1 and
C = C(n, p˜,G, ‖χ‖ p˜+2‖R˜m‖ p˜+2,Cs(Ω, g0))
φ(t) ≤ 1
C0 − Ct
− 1, C0 = (φ(0) + 1)−1
Note φ(0) = (G2 )2, then there exists t2 > 0, such that if t ∈ [0, t2], φ(t) ≤
G2, that is
|V | p˜+2 ≤ G
Choose
(2.25) t3 = min{t1, t2} = t3(n, p˜,G, ‖χ‖ p˜+2, ‖R˜m‖ p˜+2,Cs(Ω, g0))
We get the apriori estimate that V ∈ At3 ∩Bp˜+2(G)t3 if U ∈ At3 ∩Bp˜+2(G)t3
and V = Φǫ(U). By Theorem 8.3 in [9] (which is for parabolic equations,
but similar results apply for parabolic system here), in fact we get the solu-
tion of (2.4) on Ω × [0, t3] and
Φǫ : At3 ∩ Bp˜+2(G)t3 −→ At3 ∩ Bp˜+2(G)t3

RICCI FLOW ON NONCOMPACT RIEMANNIAN MANIFOLDS 13
Remark 2.6. The proof of Proposition 2.5 (especially the energy estimate)
has the same spirit as in [7], but the tensor version makes our estimate more
subtle. Also note that t3 is independent of ǫ.
Proposition 2.7. For any m ≥ p˜ + 2, there exists
t5 = t5(n,m,G, ||χ||m, ||R˜m||m,Cs(Ω, g0)) > 0
such that
Φǫ : At5 ∩ Bm(G)t5 −→ At5 ∩ Bm(G)t5
Proof: Choose U ∈ AT ∩Bm(G)T , where T ≤ t3 is to be determined later.
By Proposition 2.5, we get the solution V = Φǫ(U) ∈ AT ∩ Bp˜+2(G)T , so
|V | p˜+2 ≤ G. And we also have |U |m ≤ G, by (2.23) and (2.24) we get
φt ≤ C(G2 + 1)(G + 1)2(φ + 1) ≤ C(φ + 1)
where φ(t) = |V |2m(t) and C = C(n,m,G, ‖χ‖m, ‖R˜m‖m,Cs(Ω, g0)).
φ(t) ≤ eCt[φ(0) + 1] − 1
Note φ(0) = (G2 )2. Choose t4 = t4(n,m,G, ‖χ‖m, ‖R˜m‖m,Cs(Ω, g0)) > 0 such
that eCt4 [φ(0)+1]−1 = G2, let t5 = min t3, t4 = t5(n,m,G, ‖χ‖m, ‖R˜m‖m,Cs(Ω, g0))
If t ∈ [0, t5],
φ(t) ≤ eCt5 [(G
2
)2 + 1] − 1 ≤ G2
then |V |m ≤ G. Hence V ∈ At5 ∩ Bm(G)t5 . 
Next we show that Φǫ is a contraction map.
Proposition 2.8. For 0 < δ < 1, there exists
t7 = t7(n, p˜,G, ||χ|| p˜+2, ||R˜m|| p˜+2,Cs(Ω, g0), δ) > 0
such that
|Φǫ(U) −Φǫ( ˜U)|t7 , p˜ ≤ δ|U − ˜U |t7, p˜
where U, ˜U ∈ At7 ∩ Bp˜+2(G)t7 .
Proof: By (2.5) we have the following:{
Vt = (χ2 + ǫ)uαβ(V)αβ + P(U)V + B(U, ˜∇U)
˜Vt = (χ2 + ǫ)u˜αβ( ˜V)αβ + P( ˜U) ˜V + B( ˜U, ˜∇ ˜U)
where
V = Φǫ(U); (P(U)V)i j = Di j(U,V); (B(U, ˜∇U))i j = Bi j(U, ˜∇U); (V)αβ = ˜∇α ˜∇βV
similar notation for ˜V etc. By Proposition 2.5, if T ≤ t3, where t3 is defined
in (2.25), then V , ˜V ∈ AT ∩ Bp˜+2(G)T .
Define W , V − ˜V = Φǫ(U) − Φǫ( ˜U), then
Wt = (χ2 + ǫ)uαβwαβ + P(U)W + H
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where
H = (χ2 + ǫ)(uαβ − u˜αβ)( ˜V)αβ + (P(U) − P( ˜U)) ˜V +
(
B(U, ˜∇U) − B( ˜U, ˜∇ ˜U)
)
We consider the evolution equation of |W |2p˜:
(2.26) ∂
∂t
|W |2p˜ = J1 + J2 + J3 + J4
where
J1 = 2
∑
|α|≤p˜
∫
(g˜−1)|α|+2 ˜∇αwkl ˜∇α(wi j)pqApqǫ
J2 = 2
∑∫
(g˜−1)|α|+2 ˜∇αwkl[ ˜∇α(Apqǫ (wi j)pq) − Apqǫ ˜∇α(wi j)pq]
J3 = 2
∑
|α|≤p˜
∫
(g˜−1)|α|+2 ˜∇αwkl ˜∇α(P(U)W)i j, J4 = 2
∑
|α|≤p˜
∫
(g˜−1)|α|+2 ˜∇αwkl ˜∇αHi j
Recall Apqǫ = (χ2 + ǫ)upq. Similar with (2.15), we have
(2.27) J1 ≤ −12
∑
|α|=p˜
∫
(χ2 + ǫ)| ˜∇α+1W |2 + C(n, p˜,G,Cs(Ω, g0), ||χ||1)|W |2p˜
Similar with (2.16), we get
J2 ≤ 2
∑
|α|≤p˜
| ˜∇αW |L2 · [C(
∫
(χ2 + ǫ)| ˜∇α+1W |2) 12 + | ˜∇α−2[∇2Apqǫ (W)pq]|L2]
and we have
| ˜∇α−2[ ˜∇2Apqǫ (W)pq]|L2 ≤ C(p˜)
∑
β+γ=α
| ˜∇β( ˜∇2Apq) ˜∇γW |L2
≤ C(n, p˜,Cs(Ω, g0))[(| ˜∇2Apqǫ |L∞ + 1)| ˜∇αW |L2 + |W |L∞(| ˜∇α( ˜∇2Apqǫ )|L2 + 1)]
≤ C(n, p˜,Cs(Ω, g0), ||χ||2)[(|U | p˜+2 + 1)|W | p˜ + |W | p˜(|U | p˜+2 + 1)]
≤ C(n, p˜,Cs(Ω, g0), ||χ||2,G)|W | p˜
Hence
(2.28) J2 ≤ 116
∑
|α|=p˜
∫
(χ2 + ǫ)| ˜∇α+1W |2 + C(n, p˜,Cs(Ω, g0), ||χ||2,G)|W |2p˜
Similar to (2.19), we get
(2.29) J3 ≤ C(p˜, ||χ|| p˜, ||R˜m|| p˜,Cs(Ω, g0),G)|W |2p˜
In the rest of the proof, we use C instead of C(n, p˜, ||χ|| p˜, ||R˜m|| p˜,Cs(Ω, g0),G)
for simplicity.
(2.30) J4 = J5 + J6 + J7
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where
J5 = 2
∑
α
∫
(g˜−1)α+2 ˜∇αW · ˜∇α[(χ2 + ǫ)(U−1 − ˜U−1) ˜∇2 ˜V]
J6 = 2
∑
α
∫
(g˜−1)α+2 ˜∇αW · ˜∇α[(P(U) − P( ˜U)) ˜V]
J7 = 2
∑
α
∫
(g˜−1)α+2 ˜∇αW · ˜∇α[B(U, ˜∇U) − B( ˜U − ˜∇ ˜U)]
(2.31) J5 ≤ C|W | p˜
(∑
α | ˜∇α[(χ2 + ǫ) ˜∇2 ˜V · (U−1 − ˜U−1)]|L2
)
≤ C|W | p˜(| ˜V | p˜+2 + 1)|U−1 − ˜U−1| p˜ ≤ C|W | p˜| ˜U − U | p˜
It is easy to get
(2.32) J6 ≤ C|W | p˜[|P(U) − P( ˜U)| p˜(| ˜V | p˜ + 1)] ≤ C|W | p˜| ˜U − U | p˜
We only need to estimate two terms of J7 like the following J8 and J9,
the others are similar.
J8 =
∑
α
∫
(g˜−1)|α|+2 · ˜∇αW · ˜∇α[χ2(U−2( ˜∇U)2 − ˜U−2( ˜∇ ˜U)2)]
J9 =
∑
α
∫
(g˜−1)|α|+2 · ˜∇αW · ˜∇α[χ ˜∇χ(U−1 ˜∇U − ˜U−1 ˜∇ ˜U)]
We firstly estimate J8:
(2.33) J8 ≤ J10 + J11 + J12 + J13
where
J10 = C
∑
α
∫
(g˜−1)|α|+2 · ˜∇αW · ˜∇α[(U−1 − ˜U−1)U−1( ˜∇U)2χ2]
J11 = C
∑
α
∫
(g˜−1)|α|+2 · ˜∇αW · ˜∇α[(U−1 − ˜U−1) ˜U−1( ˜∇U)2χ2]
J12 = C
∑
α
∫
(g˜−1)|α|+2 · ˜∇αW · ˜∇α[( ˜U−2 ˜∇Uχ2) ˜∇(U − ˜U)]
J13 = C
∑
α
∫
(g˜−1)|α|+2 · ˜∇αW · ˜∇α[( ˜U−2 ˜∇ ˜Uχ2) ˜∇(U − ˜U)]
It is easy to get
(2.34) J10 ≤ C|W | p˜
[
|U−1 − ˜U−1| p˜(|U−1(∇U)2| p˜ + 1)
]
≤ C|W | p˜| ˜U − U | p˜
Similarly, we get
(2.35) J11 ≤ C|W | p˜| ˜U − U | p˜
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We have J12 ≤ J12.1 + J12.2, where
J12.1 = C
∑
α
∫
(g˜−1)|α|+2 · ˜∇αW · ˜∇α−1[ ˜∇( ˜U−2 ˜∇Uχ2) ˜∇(U − ˜U)]
J12.2 = C
∑
α
∫
(g˜−1)|α|+2 · ˜∇αW · ( ˜U−2 ˜∇Uχ2) · ˜∇α+1(U − ˜U)
(2.36) J12.1 ≤ C|W | p˜
∑
α
∣∣∣ ˜∇α−1[ f ˜∇g]∣∣∣L2
where f = ˜∇( ˜U−2χ2 ˜∇U), g = U − ˜U, and note | f | p˜ ≤ C(|u| p˜+2 + |u˜| p˜+2 + 1) ≤
C.
Then
(2.37)
| ˜∇α−1[ f ˜∇g]|L2 ≤ C ∑β+γ=α | ˜∇β f ˜∇γg|L2
≤ C((| f |L∞ + 1)| ˜∇αg|L2 + |g|L∞(| ˜∇α f |L2 + 1))
≤ C|g| p˜ = C|U − ˜U | p˜
With (2.36) and (2.37), we get
(2.38) J12.1 ≤ C|W | p˜|U − ˜U | p˜
It is easy to get
(2.39) J12.2 ≤ 11000
∑
|α|=p˜
∫
| ˜∇α+1W |2χ2 + C|U − ˜U |2p˜ +C|W | p˜|U − ˜U | p˜
by (2.38) and (2.39),
(2.40) J12 ≤ 11000
∑
|α|=p˜
∫
| ˜∇α+1W |2χ2 + C|U − ˜U |2p˜ +C|W | p˜|U − ˜U | p˜
Similarly,
(2.41) J13 ≤ 11000
∑
|α|=p˜
∫
| ˜∇α+1W |2χ2 + C|U − ˜U |2p˜ +C|W | p˜|U − ˜U | p˜
By (2.34), (2.35), (2.40), (2.41) and (2.33),
(2.42) J8 ≤ 1500
∑
|α|=p˜
∫
| ˜∇α+1W |2χ2 +C|U − ˜U |2p˜ + C|W | p˜|U − ˜U | p˜
(2.43) J9 ≤ J14 + J15
where
J14 =
∑
α
∫
(g˜−1)|α|+2 · ˜∇αW · ˜∇α[(χ ˜∇χ ˜∇U)(U−1 − ˜U−1)]
J15 =
∑
α
∫
(g˜−1)|α|+2 · ˜∇αW · ˜∇α[(χ ˜∇χ ˜U−1) ˜∇(U − ˜U)]
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It is easy to get
(2.44) J14 ≤ C|W | p˜|U − ˜U | p˜
Similar with the argument for J12, we can get
(2.45) J15 ≤ 11000
∑
|α|=p˜
∫
| ˜∇α+1W |2χ2 + C|U − ˜U |2p˜ +C|W | p˜|U − ˜U | p˜
By (2.44), (2.45) and (2.43), we get
(2.46) J9 ≤ 11000
∑
|α|=p˜
∫
| ˜∇α+1W |2χ2 +C|U − ˜U |2p˜ + C|W | p˜|U − ˜U | p˜
By (2.42) and (2.46), we get
(2.47)
J7 ≤
( 9
500 +
6
1000
)∑
|α|=p˜
∫
| ˜∇α+1W |2χ2 + C|U − ˜U |2p˜ +C|W | p˜|U − ˜U | p˜
By (2.31), (2.32), (2.47) and (2.30), we get
(2.48) J4 ≤ 3100
∑
|α|=p˜
∫
| ˜∇α+1W |2χ2 +C|U − ˜U |2p˜ + C|W | p˜|U − ˜U | p˜
By (2.27), (2.28), (2.29), (2.48), and (2.26), we get
(2.49) ∂
∂t
(W |2p˜) ≤ C1|W |2p˜ +C2|U − ˜U |2p˜
where C1 = C1(n, p˜,G, ‖χ‖ p˜, ‖R˜m‖ p˜,Cs(Ω, g0)) > 0 and C2 depends on the
same parameter as C1.
By Gronwall’s inequality and (2.49), note |W(x, 0)| p˜ = 0, we get
(2.50) |W |2p˜(t) ≤ eC1t ·
∫ t
0
C2|U − ˜U |2p˜(s)ds ≤ C2teC1t|U − ˜U |2t, p˜
We can choose t6 = t6(δ,C1,C2) = t6(n, p˜,G, ||χ|| p˜, ||R˜m|| p˜,Cs(Ω, g0), δ) >
0, such that C2 · t6 · eC1t6 = δ2 < 1, then we choose
(2.51) t7 = min{t3, t6} = t7(n, p˜,G, ||χ|| p˜+2, ||R˜m|| p˜+2,Cs(Ω, g0), δ)
If t ∈ [0, t7], we get |W |2p˜(t) ≤ δ2|U − ˜U |2t7, p˜. Hence
|W |t7, p˜ ≤ δ|U − ˜U |t7 , p˜
That is
|Φǫ(U) −Φǫ( ˜U)|t7 , p˜ ≤ δ|U − ˜U |t7, p˜

Theorem 2.9. There exists T = T (n, p˜,G, ||χ||2p˜+2, ||R˜m||2p˜+2,Cs(Ω, g0)) >
0, such that on Ω × [0, T ], degenerate parabolic system (2.3) has a smooth
solution.
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Proof: Choose m = 2p˜ + 2 in Proposition 2.7 and δ = 12 in Proposition
2.8, then we choose
T = min{t5, t7} = T (n, p˜,G, ||χ||2p˜+2, ||R˜m||2p˜+2,Cs(Ω, g0))
Set U(0)(x, t) = g˜(x), and U(i+1)ǫ = Φǫ(U(i)) where U(i)ǫ are (2, 0)-tensor on
Ω × [0, T ], i = 0, 1, 2 · · · . Note U(0) ∈ AT ∩ Bm(G)T for any m ≥ p˜ + 2. By
Proposition 2.7, we get U(i)ǫ ∈ AT ∩ B2p˜+2(G)T for any i. Then we have the
following:
(2.52) sup
(x,t)∈Ω×[0,T ]
sup
|α|≤p˜+2
| ˜∇αU(i)ǫ (x, t)| ≤ C1|U(i)ǫ |T,2p˜+2 ≤ C1G
for any i ≥ 0, where C1 = C1(Cs(Ω, g0), p˜), and note C1 is independent of i.
By (2.4), we get
(2.53) sup
|β|≤ p˜+22
sup
(x,t)∈Ω×[0,T ]
|Dβt U(i)ǫ (x, t)| ≤ C2
for any i ≥ 0, where C2 = C2(Cs(Ω, g0), n, p˜,G, ‖χ‖2, ‖R˜m‖0), note C2 is
independent of i.
Hence {U(i)ǫ }∞i=1 are uniformly bounded in B2p˜+2(G)T , we can choose sub-
sequence U(ki)ǫ → U∞ǫ in C p˜+2,
p˜+2
2 (Ω × [0, T ]) by Rellich-Kondrachov Com-
pactness theorem, and U∞ǫ ∈ Bp˜+2(G)T . That is why we choose m = 2p˜ + 2
in Proposition 2.7 at the beginning of the proof. For ki ≥ m > 0, we get
|U(m)ǫ − U(ki)ǫ |T, p˜ = |Φmǫ (U(0)) − Φkiǫ (U(0))|T, p˜ ≤ δm|U(0) − Φki−mǫ (U(0))|T, p˜ ≤ 2(
1
2
)mG
Hence
lim
m→∞
|U(m)ǫ − U∞ǫ |T, p˜ ≤ lim
m→∞
(
|U(m)ǫ − U(ki)ǫ |T, p˜ + |U(ki)ǫ − U∞ǫ |T, p˜
)
= 0
Now
|U∞ǫ −Φǫ(U∞ǫ )|T, p˜ = lim
m→∞
|U(m)ǫ − Φǫ(U∞ǫ )|T, p˜
= lim
m→∞
|Φǫ(U(m−1)ǫ ) − Φǫ(U∞ǫ )|T, p˜ ≤
1
2
lim
m→∞
|U(m−1)ǫ − U∞ǫ |T, p˜ = 0
then we have
|U∞ǫ − Φǫ(U∞ǫ )|C0 ≤ Cs(Ω, g0)|U∞ǫ −Φǫ(U∞ǫ )|T, p˜ = 0
hence
(2.54) U∞ǫ = Φǫ(U∞ǫ )
By (2.52) and (2.53), we get {U∞ǫ }0<ǫ≤1 is uniformly bounded in C p˜+2,
p˜+2
2 (Ω×
[0, T ]). So there exists subsequence {U∞ǫi }∞i=1, such that
lim
i→∞
U∞ǫi = ˆU
∞ in C p˜,
p˜
2 (Ω × [0, T ])
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where limi→∞ ǫi = 0.
On the other hand, by (2.54) and (2.4), we have
(2.55) (U∞ǫi )t = (χ2 + ǫi)(U∞ǫi )αβ ˜∇α ˜∇β(U∞ǫi ) + D(U∞ǫi ) + B(U∞ǫi , ˜∇U∞ǫi )
Let i → ∞ in (2.55), we get
( ˆU∞)t = χ2( ˆU∞)αβ ˜∇α ˜∇β( ˆU∞) + D( ˆU∞) + B( ˆU∞, ˜∇ ˆU∞)
Then ˆU∞ is a solution of (2.3) on Ω × [0, T ], and ˆU∞ ∈ C p˜, p˜2 (Ω × [0, T ]).
By regularity theory of parabolic system (note we have local regularity
property where χ(x) > 0, and ˆU∞(x, t) = g˜i j(x) where χ(x) = 0), we have
ˆU∞ ∈ C∞(Ω × [0, T ])
Hence ˆU∞ is a smooth solution of (2.3) on Ω × [0, T ]. 
3. Evolution equations of curvature under the local Ricci flow
Under local Ricci flow, the behavior of curvature tensors are affected by
their evolution equations. These equations have simpler versions in Ricci
flow context, just taking the cut-off function χ(x) ≡ 1.
Now we calculate the evolution equation of the curvature tensor Rm. We
use the following notations: Rli jk = glpRi jkp, Rri = grpRip, and R is the scalar
curvature.
Lemma 3.1. Under the local Ricci flow (1.2),
(3.1) ∂
∂t
Ri jkl = χ2∆Ri jkl + Q + I1 + I2 + I3
where Q, I1, I2, I3 are defined in (3.8), (3.4),(3.5),(3.6).
Proof: Firstly if ∂
∂t gi j = hi j, then (see [1])
∂
∂t
Rli jk =
1
2
glp[∇i∇kh jp + ∇ j∇phik − ∇i∇ph jk − ∇ j∇khip − Rqi jkhqp − Rqi jphkq]
In local Ricci flow case,
hi j = −2χ2Ri j.
Now
(3.2) ∂
∂t
Ri jkl = (−2χ2Rlm)Rmi jk + glm(
∂
∂t
Rmi jk).
We calculate glm ∂∂t R
m
i jk firstly:
glm ∂∂t R
m
i jk =
1
2[∇i∇kh jl + ∇ j∇lhik − ∇i∇lh jk − ∇ j∇khil − R
q
i jkhql − Rqi jlhkq].
We calculate ∇i∇kh jl as a sample, using the notation χi = ∇iχ and χi j =
∇i∇ jχ:
∇i∇kh jl = −2(χ2∇i∇kR jl + 2χχi∇kR jl + 2χχk∇iR jl + 2χiχkR jl + 2χχikR jl)
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A straightforward computation gives
(3.3) glm
∂
∂t R
m
i jk = χ
2(∇i∇lR jk + ∇ j∇kRil − ∇i∇kR jl − ∇ j∇lRik)
+χ2(Rqi jkRql + Rqi jlRkq) + I1 + I2 + I3
where
I1 = 2χ[(χk∇ jRil + χ j∇kRil + χl∇iR jk(3.4)
+ χi∇lR jk) − (χk∇iR jl + χi∇kR jl + χl∇ jRik + χ j∇lRik)]
I2 = 2[(χiχlR jk + χ jχkRil) − (χiχkR jl + χ jχlRik)](3.5)
I3 = 2χ[(χilR jk + χ jkRil) − (χikR jl + χ jlRik)].(3.6)
Now we compute ∆Ri jkl. From the formula for ∆Rli jk in [1],
(3.7)
∆Ri jkl = ∆(glmRmi jk) = glm∆Rmi jk
= (∇i∇lR jk + ∇ j∇kRil − ∇i∇kR jl − ∇ j∇lRik)
+(RrjRirkl − Rri R jrkl) − gpq(Rri jpRrqkl − 2RrpikR jqrl + 2RrjqkRpirl)
By (3.2), (3.3) and (3.7),
∂
∂t
Ri jkl = χ2∆Ri jkl + Q + I1 + I2 + I3,
where
Q = Q1 + Q2(3.8)
Q1 = χ2gpq(Rri jpRrqkl − 2RrpikR jqrl + 2RrjqkRpirl)(3.9)
Q2 = −χ2(Rm jklRmi + RimklRmj + Ri jmlRmk + Ri jkmRml ).(3.10)

For our applications, we need to estimate ∂
∂t |Rm|.
Lemma 3.2. Under the local Ricci flow (1.2), we have
∂
∂t
|Rm| ≤ χ2∆|Rm| +
(χ2∣∣∣∇|Rm|∣∣∣2
|Rm|
)
− (1 − ǫ)
(χ2|∇Rm|2
|Rm|
)(3.11)
+ 10χ2|Rm|2 +
(105
ǫ
)
n|∇χ|2|Rm| +
(8χgrigs jgpkgqlRrspqχilR jk
|Rm|
)
where ǫ is any positive constant satisfying 0 < ǫ < 1.
Proof:
∂
∂t
|Rm|2 = 2grigs jgpkgqlRrspq
( ∂
∂t
Ri jkl
)
+
∂
∂t
(grigs jgpkgql)RrspqRi jkl
Note
∂
∂t (gri)gs jgpkgqlRrspqRi jkl = 2χ2grigs jgpkgqlRrspqRm jklRmi
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Similarly,
∂
∂t (grigs jgpkgql)RrspqRi jkl = −2grigs jgpkgqlRrspqQ2
Hence
∂
∂t |Rm|2 = χ2[∆(|Rm|2) − 2|∇Rm|2] + 2grigs jgpkgqlRrspq[Q1 + I1 + I2 + I3]
Let f = |Rm|,
∂
∂t
( f 2) = χ2∆( f 2) − 2χ2|∇Rm|2 + 2grigs jgpkgqlRrspq[Q1 + I1 + I2 + I3]
Firstly we have the following estimate:
2grigs jgpkgqlRrspqQ1 ≤ 10χ2 f 3.
It is easy to get
2grigs jgpkgqlRrspqI1 ≤ 32
√
n χ|∇χ||∇Rm| f ≤ 2ǫ(χ|∇Rm|)2 + (10
4
ǫ
)n|∇χ|2 f 2;
also
2grigs jgpkgqlRrspqI2 ≤ 16
√
n |∇χ|2 f 2
We can use the normal coordinate system to simplify:
2grigs jgpkgqlRrspqI3 = 16χ
∑
i jkl(χilR jkRi jkl) = 16χgrigs jgpkgqlRrspqχilR jk
Using normal coordinates it is also easy to see∣∣∣∇|Rm|∣∣∣ ≤ |∇Rm|.
Then
∂
∂t ( f 2) ≤ 2 fχ2∆ f + 2χ2|∇ f |2 − (2 − 2ǫ)χ2|∇Rm|2 + 10χ2 f 3
+(105
ǫ
)n|∇χ|2 f 2 + 16χgrigs jgpkgqlRrspqχilR jk,
Finally
∂
∂t f ≤ χ2∆ f + (χ
2 |∇ f |2
f ) − (1 − ǫ)(χ
2 |∇Rm|2
f )
+10χ2 f 2 + (105
ǫ
)n|∇χ|2 f +
( 8χgrigs jgpkgqlRrspqχilR jk
f
)
.
Replace f with |Rm|, we get our conclusion. 
Using the formula in Chapter 3 of [1], we can get the following formula
(because the calculation is very similar with the reduction of Lemma 3.1,
we omit the calculation here, just give the formula):
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Lemma 3.3. Under the local Ricci flow (1.2),
∂
∂t
Ri j = χ2∆(Ri j) + J1 + J2 + J3 + J4,(3.12)
where J1 = 2χgpqχp∇qRi j + χ(χi∇ jR + χ j∇iR)
− 2χχpgpq(∇iRq j + ∇ jRqi),
J2 = −2gpqχ(χipRq j + χ jpRqi) + 2χχi jR,(3.13)
J3 = −2gpq(χiχpRq j + χ jχpRqi) + 2χiχ jR,
J4 = 2χ2gpq(Rrqi jRrp − RipRq j).
Imitating the reduction of Lemma 3.2, we can also get the following the-
orem about |Rc|:
Lemma 3.4. Under the local Ricci flow (1.2),
∂
∂t
|Rc| ≤ χ2∆|Rc| +
(χ2∣∣∣∇|Rc|∣∣∣2
|Rc|
)
− (1 − ǫ)
(χ2|∇Rc|2
|Rc|
)
(3.14)
+ (10
5
ǫ
)n|∇χ|2|Rc| + (2 + √n)χ2|Rc||Rm| +
(gikg jlRklJ2
|Rc|
)
where J2 in the last line comes from (3.13), and ǫ is any positive constant
satisfying 0 < ǫ < 1.
Proof: Similar to the proof of Lemma 3.2. 
If T1 and T2 are two tensors, we use T1 ∗ T2 to denote all possible tensor
product between them.
Lemma 3.5.
∂
∂t
(∇mRm) = χ2∆(∇mRm) +
∑
i+ j+k=m+2, k≤m+1
∇iχ ∗ ∇ jχ ∗ ∇kRm
+
∑
i+ j+k=m
∇i(χ2) ∗ ∇ jRm ∗ ∇kRm
Proof: By induction, when m = 0, it is true from Lemma 3.1. Suppose
the conclusion holds for m − 1, then we have:
∂
∂t
(∇∇m−1Rm) = ∇m−1Rm ∗ ∇(χ2Rc) + ∇(χ2∆∇m−1Rm)
+ ∇
[ ∑
i+ j+k=m+1, k≤m
∇iχ ∗ ∇ jχ ∗ ∇kRm
]
+ ∇
[ ∑
i+ j+k=m−1
∇i(χ2) ∗ ∇ jRm ∗ ∇kRm
]
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And
∇
[
χ2∆∇m−1Rm
]
= χ2∆∇mRm + χ2∇m−1Rm ∗ ∇Rm
+ χ2∇mRm ∗ Rm + ∇(χ2) ∗ ∆∇m−1Rm
We can consider ∇m−1Rm ∗ ∇(χ2Rc), χ2∇m−1Rm ∗ ∇Rm, χ2∇mRm ∗ Rm
as the terms in ∇
[∑
i+ j+k=m−1 ∇i(χ2) ∗ ∇ jRm ∗ ∇kRm
]
and ∇(χ2) ∗ ∆∇m−1Rm
as one of the terms in ∇
[∑
i+ j+k=m+1,k≤m ∇iχ ∗ ∇ jχ ∗ ∇kRm
]
, then we get our
equation. 
Similarly, we have
Lemma 3.6.
∂
∂t
∇m(χ2Rm) = χ2∆∇m(χ2Rm)
+
∑
i+ j+k=m+2, k≤m+1
∇iχ ∗ ∇ jχ ∗ ∇k(χ2Rm)
+
∑
i+ j+k=m, k≤m−1
∇i(χ2) ∗ ∇ j(χ2Rm) ∗ ∇kRm + χ2Rm ∗ ∇m(χ2Rm)
and
∂
∂t
|∇mχ| ≤ C(n, k)
∑
k≤m−1
|∇k(χ2Rc)| · |∇m−kχ|
4. Extension of the local Ricci flow
Firstly we prove the following ODE comparison lemmas, which will be
used in the later proofs of this section.
Lemma 4.1. Assume f (t) and g(t) are nonnegative functions, t ∈ [0, T ), b
is a nonnegative constant, and
d f
dt ≤ g + b f
Then on [0, T ):
f (t) ≤
[
f (0) +
∫ t
0
e−bsg(s)ds
]
ebt
Proof: Let h(t) =
[
f (0) + ∫ t0 e−bsg(s)ds]ebt. Then h(0) = f (0), and h′(t) ≥f ′(t) by assumption. Hence h(t) ≥ f (t). 
Lemma 4.2. Assume f (t) is a nonnegative function, t ∈ [0, T ), a, b, c are
nonnegative constants, and
d f
dt ≤ a
∫ t
0
f (s)ds + b f (t) + c
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Then there exist positive constants w, k which depend on a, b, c and f (0)
such that:
f (t) ≤ wekt, t ∈ [0, T ).
Proof: It suffices to choose w, k large enough to ensure:
(wekt)′ > a
[ ∫ t
0
(weks)ds
]
+ b(wekt) + c and w > f (0)
to get the comparison function. 
We define |∇χ|(g(t),∞) = maxx∈Ω |∇χ(x)|g(t). Recall that we have defined
Cs(Ω, g(t)) in (2.6), for simplicity we use the notation Cs(Ω, t) to replace it.
Lemma 4.3. If |χ2Rm|(g(t),∞) is uniformly bounded along a given solution
g(t) of local Ricci flow, t ∈ [0, T ), 0 < T < +∞, then |∇χ|(g(t),∞) and the
Sobolev constant Cs(Ω, t) are uniformly bounded on [0, T ).
Proof: Because Ω is a bounded domain in (M, g0), by the proof of Theo-
rem 3.5 in [6], we get Cs(Ω, 0) is finite. Then one only need to notice that
the metrics {g(t)}t∈[0,T ) are uniformly equivalent to each other by assump-
tion. 
Lemma 4.4. Assume g(t), t ∈ [0, T ), 0 < T < +∞, is a smooth solution
to local Ricci flow on (Mn, g0), |χ2Rm|(g(t),∞) is uniformly bounded on [0, T ).
Then for any p > 100, |Rm|(g(t),Lp(Ω)) ,
∫
Ω
|Rm|pg(t)dVg(t) is uniformly bounded
on [0, T ).
Proof: Using Lemma 3.1,
∂
∂t
( ∫
Ω
|Rm|pg(t)dVg(t)
)
= p(I1 + I2 + I3 + I4 + I5)
where
I1 = −
∫
Ω
χ2|∇Rm|2|Rm|p−2, I2 =
∫
Ω
|Rm|p−2〈χ∇χ ∗ ∇Rm,Rm〉,
I3 =
∫
Ω
|Rm|p−2〈χ2Rm ∗ Rm,Rm〉, I4 =
∫
Ω
|Rm|p−2〈∇χ ∗ ∇χ ∗ Rm,Rm〉,
I5 =
∫
Ω
|Rm|p−2〈χ∇2χ ∗ Rm,Rm〉
And
I2 ≤ C
∫
Ω
|Rm|p + 1
16
∫
Ω
χ2|∇Rm|2|Rm|p−2,
I3 ≤ max
t∈[0,T )
|χ2Rm|(g(t),∞) ·
∫
Ω
|Rm|p ≤ C
∫
Ω
|Rm|p,
I4 ≤ C max
t∈[0,T )
|∇χ|(g(t),∞)
∫
Ω
|Rm|p ≤ C
∫
Ω
|Rm|p
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Applying integration by parts and Lemma 4.3 yields:
I5 =
∫
Ω
|Rm|p−2〈χ∇2χ ∗ Rm,Rm〉 ≤ C
∫
Ω
|Rm|p + 1
16
∫
Ω
χ2|∇Rm|2|Rm|p−2
Then
∂
∂t
∫
Ω
|Rm|p ≤ C
∫
Ω
|Rm|p
we get ∫
Ω
|Rm|pg(t)dVg(t) ≤ eCT
∫
Ω
|Rm|pg0dVg0
Hence |Rm|(g(t),Lp(Ω)) are uniformly bounded on [0, T ). 
Proposition 4.5. If g(t) is a smooth solution of the local Ricci flow on
(Mn, g0), t ∈ [0, T ), 0 < T < +∞ and m is a nonnegative integer. Assume
on [0, T ), for any q > 100, |∇iχ|(g(t),Lq(Ω)) are uniformly bounded, where
0 ≤ i ≤ m + 1; and |χ2Rm|(g(t),∞) are uniformly bounded. Then for any
p > 100, |∇mRm|(g(t),Lp(Ω)) is uniformly bounded on [0, T ).
Proof: By induction. When m = 0, the conclusion follows from Lemma
4.4. For m ≥ 1, assume that for any q > 100,
∫
Ω
|∇kRm|qg(t)dVg(t) is uniformly
bounded on [0, T ), where 0 ≤ k ≤ m − 1. For simplicity, we use
∫
instead
of
∫
Ω
in the rest of the proof.
Use Lemma 3.5,
(4.1) ∂
∂t
∫
|∇mRm|pg(t)dVg(t) ≤ p(I1 + I2 + I3) +C
∫
|∇mRm|pg(t)dVg(t)
where
I1 =
∫
|∇mRm|p−2〈χ2∆∇mRm,∇mRm〉 ,
I2 =
∫
|∇mRm|p−2
∑
i+ j+k=m+2, k≤m+1
〈∇iχ ∗ ∇ jχ ∗ ∇kRm,∇mRm〉 ,
I3 =
∫
|∇mRm|p−2
∑
i+ j+k=m
〈∇i(χ2) ∗ ∇ j(Rm) ∗ ∇kRm,∇mRm〉
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Use integration by parts and Ho¨lder inequality,
I2 ≤ C
∫
|∇mRm|p−1 · |∇m+1Rm| · |∇χ| · |χ| + C
∫
|∇mRm|p · |∇χ|2
+C
∑
i+ j+k=m+2, 1≤k≤m−1
[( ∫
|∇mRm|p
) p−1
p ·
( ∫
|∇kRm|3p
) 1
3p
·
( ∫
|∇iχ|3p
) 1
3p ·
( ∫
|∇ jχ|3p
) 1
3p
]
+ I4
+ C
∑
i+ j=m+2, i, j≤m+1
[( ∫
|∇mRm|p
) p−1
p ·
( ∫
|Rm|3p
) 1
3p
·
( ∫
|∇iχ|3p
) 1
3p ·
( ∫
|∇ jχ|3p
) 1
3p
]
Use Schwartz inequality,
(4.2) I2 ≤
1
16
∫
χ2|∇m+1Rm|2|∇mRm|p−2 +C
∫
|∇mRm|p
+C|∇mRm|p−1(g(t),Lp(Ω)) + I4
where I4 , C
∫
|∇mRm|p−2 · 〈χ∇m+2χ ∗Rm,∇mRm〉. Use integration by parts
on I4,
I4 ≤ C
∫
χ|∇mRm|p−2 · |∇m+1Rm| · |∇m+1χ| · |Rm|
+ C
∫
|∇mRm|p−1 · |∇m+1χ| · |∇χ| · |Rm| + I5
≤ C
( ∫
χ2|∇mRm|p−2|∇m+1Rm|2
) 1
2 ·
( ∫
|∇mRm|p
) p−1
2p
+C|∇mRm|p−1(g(t),Lp(Ω)) + I5
in the last inequality, we used the assumption of the proposition and Lemma
4.4. Then
(4.3) I4 ≤ 116
∫
χ2|∇mRm|p−2|∇m+1Rm|2 +C|∇mRm|p−1(g(t),Lp(Ω)) + I5
where I5 , C
∣∣∣∣ ∫ |∇mRm|p−2〈χ∇m+1χ ∗ ∇Rm,∇mRm〉∣∣∣∣.
To estimate I5, there are two cases:
If m = 1, then ∇Rm = ∇mRm, and by definition of I5:
I5 ≤ C
∫
|∇mRm|p−1|∇m+1Rm| · |∇mχ| · |χ| +C
∫
|∇mRm|p · |∇χ|2
≤ 1
16
∫
χ2|∇mRm|p−2|∇m+1Rm|2 +C
∫
|∇mRm|p
[
|∇mχ|2 + |∇χ|2
]
≤ 1
16
∫
χ2|∇mRm|p−2|∇m+1Rm|2 +C
∫
|∇mRm|p(4.4)
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the last inequality above uses the fact that m = 1 and |∇χ|(g(t),∞) are uni-
formly bounded on [0, T ).
If m ≥ 2, by induction assumption, for any q > 100,
∫
|∇Rm|q is uni-
formly bounded on [0, T ).
I5 ≤ C
∫
|∇mRm|p−1 · |∇m+1χ| · |∇Rm|
≤ C
( ∫
|∇mRm|p
) p−1
p ·
( ∫
|∇m+1χ|2p
) 1
2p ·
( ∫
|∇Rm|2p
) 1
2p
(4.5) I5 ≤ C|∇mRm|p−1(g(t),Lp(Ω))
By (4.4) and (4.5),
(4.6)
I5 ≤
1
16
∫
χ2|∇mRm|p−2|∇m+1Rm|2 + C
∫
|∇mRm|p + C|∇mRm|p−1(g(t),Lp(Ω))
By (4.3) and (4.6),
(4.7)
I4 ≤
1
8
∫
χ2|∇mRm|p−2|∇m+1Rm|2 + C
∫
|∇mRm|p + C|∇mRm|p−1(g(t),Lp(Ω))
By (4.2) and (4.7),
(4.8)
I2 ≤
3
16
∫
χ2|∇m+1Rm|2 · |∇mRm|p−2 +C
∫
|∇mRm|p +C|∇mRm|p−1(g(t),Lp(Ω))
To estimate I3,
I3 ≤ C
∫
|∇mRm|p|χ2Rm| + C
∑
i+ j+k=m, j, k≤m−1
∫
|∇mRm|p−1|∇i(χ2)||∇ jRm||∇kRm|
≤ C
∫
|∇mRm|p +C
∑
i1+i2+ j+k=m, j, k≤m−1
[( ∫
|∇mRm|p−1
) p−1
p ·
( ∫
|∇i1χ|4p
) 1
4p
·
( ∫
|∇i2χ|4p
) 1
4p ·
( ∫
|∇ jRm|4p
) 1
4p
( ∫
|∇kRm|4p
) 1
4p
]
By induction assumption and the assumption of the proposition,
(4.9) I3 ≤ C
∫
|∇mRm|p + C|∇mRm|p−1(g(t),Lp(Ω))
For I1, integration by parts yields:
I1 ≤ 2
∫
|∇mRm|p−1χ|∇χ||∇m+1Rm| −
∫
χ2|∇mRm|p−2|∇m+1Rm|2
Use Ho¨lder inequality and Schwartz inequality,
(4.10) I1 ≤ −1516
∫
χ2|∇mRm|p−2|∇m+1Rm|2 +C
∫
|∇mRm|p
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By (4.8), (4.9), (4.10) and (4.1),
∂
∂t
∫
|∇mRm|p ≤ −3
4
∫
χ2|∇mRm|p−2|∇m+1Rm|2
+C
∫
|∇mRm|p +C|∇mRm|p−1(g(t),Lp(Ω))
By Young’s inequality,
∂
∂t
∫
|∇mRm|p ≤ C
( ∫
|∇mRm|p + 1
)
Then
∫
|∇mRm|pg(t) ≤
[ ∫
|∇mRm|pg0+1
]
eCT−1, t ∈ [0, T ). Hence |∇mRm|(g(t),Lp(Ω))
is uniformly bounded on [0, T ). 
Theorem 4.6. If g(t), t ∈ [0, T ), 0 < T < +∞ is a smooth solution of the
local Ricci flow on (Mn, g0). Assume |χ2Rm|(g(t),∞) is uniformly bounded on
[0, T ), then for any m ≥ 0, |∇m(χ2Rm)|(g(t),∞) is uniformly bounded on [0, T ).
Proof: By Lemma 4.3, |∇χ|(g(t),∞) and Cs(Ω, t) are uniformly bounded on
[0, T ), g(t) are uniformly equivalent to each other, then it suffices to prove
(C1): “For any p > 100, m ≥ 0, |∇m(χ2Rm)|(g(t),Lp(Ω)) is uniformly bounded
on [0, T ).”
We prove (C1) by induction on m. When m = 0, the conclusion follows
from the assumption of the theorem. Assume
(A1): “For any p > 100, |∇l(χ2Rm)|(g(t),Lp(Ω)) is uniformly bounded on
[0, T ), where 0 ≤ l ≤ m − 1 and m ≥ 1.”
We will prove
(C2): “For any p > 100, |∇m(χ2Rm)|(g(t),Lp(Ω)) is uniformly bounded on
[0, T ).”
Firstly we claim:
(C3): “For any p > 100,
∫
|∇kχ|p is uniformly bounded on [0, T ), where
0 ≤ k ≤ m.”
We prove (C3) by induction on k. When k = 0, the conclusion follows
from the fact that g(t) are uniformly equivalent to each other under the as-
sumption in the theorem. Assume
(A2): “For any q > 100,
∫
|∇iχ|q is uniformly bounded on [0, T ), where
0 ≤ i ≤ k − 1.”
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Note k ≤ m in our claim. Use Lemma 3.6,
∂
∂t
∫
|∇kχ|p ≤ C
∑
1≤i≤k−1
( ∫
|∇kχ|p
) p−1
p ·
( ∫
|∇i(χ2Rm)|2p
) 1
2p ·
( ∫
|∇k−iχ|2p
) 1
2p
+ C
∫
|∇kχ|p · |χ2Rm|
≤ C|∇kχ|p−1(g(t),Lp(Ω)) +C
∫
|∇kχ|p ≤ C
( ∫
|∇kχ|p + 1
)
For the last two inequalities, we used the assumption of the theorem, (A1),
(A2) and Young’s inequality. Hence
∫
|∇kχ|pg(t)dVg(t) is uniformly bounded
on [0, T ). From induction method, the claim (C3) is proved.
From the assumption of the theorem, (C3) and Proposition 4.5, we get
(C4): “For any p > 100, |∇iRm|g(t),Lp(Ω) is uniformly bounded on [0, T )
where 0 ≤ i ≤ m − 1.”
By Lemma 3.6 and integration by parts,
(4.11) ∂
∂t
∫
|∇m(χ2Rm)|p ≤ I1 + I2 + I3 + I4
where
I1 = −
∫
χ2|∇m+1(χ2Rm)|2|∇m(χ2Rm)|p−2,
I2 =
∑
i+ j+k=m+2, k≤m+1
∫
|∇m(χ2Rm)|p−2〈∇m(χ2Rm),∇iχ ∗ ∇ jχ ∗ ∇k(χ2Rm)〉,
I3 =
∑
i+ j+k=m, k≤m−1
∫
|∇m(χ2Rm)|p−2〈∇m(χ2Rm),∇i(χ2)∗∇ j(χ2Rm)∗∇k(Rm)〉,
I4 =
∫
|∇m(χ2Rm)|p−2〈∇m(χ2Rm), χ2Rm ∗ ∇m(χ2Rm)〉
To estimate I2,
I2 =
∫
|∇m(χ2Rm)|p−2〈∇m(χ2Rm), χ∇m+2χ ∗ (χ2Rm)〉
+
∫
|∇m(χ2Rm)|p−2〈∇m(χ2Rm),∇χ ∗ ∇m+1χ ∗ (χ2Rm)〉
+
∫
|∇m(χ2Rm)|p−2〈∇m(χ2Rm), χ∇m+1χ ∗ ∇(χ2Rm)〉
+
∫
|∇m(χ2Rm)|p−2〈∇m(χ2Rm), χ∇χ ∗ ∇m+1(χ2Rm)〉
+
∑
i+ j+k=m+2, i, j≤m, k≤m−1
∫
|∇m(χ2Rm)|p−2〈∇m(χ2Rm),∇iχ ∗ ∇ jχ ∗ ∇k(χ2Rm)〉
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+
∫
|∇m(χ2Rm)|p−2〈∇m(χ2Rm), (χ∇2χ + ∇χ ∗ ∇χ) ∗ ∇m(χ2Rm)〉
Integration by parts,
(4.12) I2 ≤ Γ1 + Γ2 + Γ3 + Γ4 + Γ5
where
Γ1 = C
∫
|∇m(χ2Rm)|p−2 · |∇m+1(χ2Rm)| · χ|∇m+1χ| · |χ2Rm|
Γ2 = C
∫
|∇m(χ2Rm)|p−1 · |∇χ| · |∇m+1χ| · |χ2Rm|
Γ3 =
∣∣∣∣ ∫ |∇m(χ2Rm)|p−2〈∇m(χ2Rm), χ∇m+1χ ∗ ∇(χ2Rm)〉∣∣∣∣
Γ4 = C
∫
χ|∇m+1(χ2Rm)| · |∇m(χ2Rm)|p−1 +C
∫
|∇m(χ2Rm)|p
Γ5 = C
∑
i+ j+k=m+2, i, j≤m, k≤m−1
∫
|∇m(χ2Rm)|p−2 · |∇iχ| · |∇ jχ| · |∇k(χ2Rm)|
Use Ho¨lder inequality and Young’s inequality,
Γ1 ≤
1
16
∫
χ2|∇m(χ2Rm)|p|∇m+1(χ2Rm)|2 +C
∫
|∇m(χ2Rm)|p +C
∫
|∇m+1χ|p
(4.13)
We can also estimate Γ2, Γ4 and Γ5 in similar way:
Γ2 ≤ C
∫
|∇m(χ2Rm)|p +C
∫
|∇m+1χ|p(4.14)
(4.15) Γ4 ≤ 116
∫
χ2|∇m(χ2Rm)|p|∇m+1(χ2Rm)|2 +C
∫
|∇m(χ2Rm)|p
(4.16)
Γ5 ≤ C
∫
|∇m(χ2Rm)|p + C ∑i+ j+k=m+2, i, j≤m, k≤m−1 [ ∫ |∇iχ|3p
+
∫
|∇ jχ|3p +
∫
|∇k(χ2Rm)|3p
]
≤ C
∫
|∇m(χ2Rm)|p + C
the last inequality in estimating Γ5 follows from (A1) and (C3).
To estimate Γ3, there are two cases: Case (1) and Case (2).
Case (1): If m = 1, do integration by parts,
Γ3 ≤ C
∫
|∇m(χ2Rm)|p−1|∇m+1(χ2Rm)|(χ|∇χ|) +C
∫
|∇m(χ2Rm)|p|∇χ|2
Use the fact that |∇χ|(g(t),∞) is uniformly bounded, we get that if m = 1,
(4.17) Γ3 ≤ 116
∫
χ2|∇m(χ2Rm)|p|∇m+1(χ2Rm)|2 +C
∫
|∇m(χ2Rm)|p
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Case (2): If m ≥ 2, use integration by parts,
Γ3 ≤ C
∫
|∇m(χ2Rm)|p−2 · |∇m+1(χ2Rm)| · |∇(χ2Rm)| · χ|∇mχ|
+C
∫
|∇m(χ2Rm)|p−1|∇χ||∇mχ||∇(χ2Rm)| + Γ3,1
where
Γ3,1 =
∣∣∣∣ ∫ |∇m(χ2Rm)|p−2〈∇m(χ2Rm), χ∇mχ ∗ ∇2(χ2Rm)〉∣∣∣∣
Use Ho¨lder inequality and Young’s inequality,
Γ3 ≤ 116
∫
χ2|∇m(χ2Rm)|p|∇m+1(χ2Rm)|2 + C
∫
|∇m(χ2Rm)|p
+C
∫
|∇(χ2Rm)|2p + C
∫
|∇mχ|2p + Γ3,1
Note m ≥ 2, use (A1) and (C3),
(4.18)
Γ3 ≤
1
16
∫
χ2|∇m(χ2Rm)|p|∇m+1(χ2Rm)|2 +C
∫
|∇m(χ2Rm)|p +C + Γ3,1
To estimate Γ3,1, note that m ≥ 2, and there are still two cases: Case (2.1)
and Case (2.2).
Case (2.1): If m = 2, use integration by parts and the fact that |∇χ|(g(t),∞)
is uniformly bounded,
(4.19) Γ3,1 ≤ 116
∫
χ2|∇m(χ2Rm)|p|∇m+1(χ2Rm)|2 +C
∫
|∇m(χ2Rm)|p
Case (2.2): If m ≥ 3, use Ho¨lder inequality and Young’s inequality,
(4.20) Γ3,1 ≤ C
∫
|∇m(χ2Rm)|p +C
∫
|∇mχ|2p +C
∫
|∇2(χ2Rm)|2p
≤ C
∫
|∇m(χ2Rm)|p +C
the last inequality follows from (A1) and (C3).
By (4.19) and (4.20),
(4.21) Γ3,1 ≤ 116
∫
χ2|∇m(χ2Rm)|p|∇m+1(χ2Rm)|2 +C
∫
|∇m(χ2Rm)|p + C
From (4.18) and (4.21), we get that if m ≥ 2,
(4.22) Γ3 ≤ 18
∫
χ2|∇m(χ2Rm)|p|∇m+1(χ2Rm)|2 + C
∫
|∇m(χ2Rm)|p +C
From (4.17) and (4.22), when m ≥ 1, (4.22) holds.
By (4.12), (4.13), (4.14), (4.15), (4.16) and (4.22),
(4.23) I2 ≤
1
4
∫
χ2|∇m(χ2Rm)|p|∇m+1(χ2Rm)|2 + C
∫
|∇m(χ2Rm)|p
+C
∫
|∇m+1χ|p + C
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To estimate I3,
I3 ≤ C
[ ∑
i1+i2+ j+k=m, k≤m−1, j≤m−1
( ∫
|∇m(χ2Rm)|p
) 1
p ·
( ∫
|∇i1χ|4p
) 1
4p
·
( ∫
|∇i2χ|4p
) 1
4p ·
( ∫
|∇ j(χ2Rm)|4p
) 1
4p ·
( ∫
|∇kRm|4p
) 1
4p
]
+ C
∫
|∇m(χ2Rm)|p
Hence from (A1), (C3), (C4) and Young’s inequality,
(4.24) I3 ≤ C
∫
|∇m(χ2Rm)|p + C
From the assumption of the theorem,
(4.25) I4 ≤ C
∫
|∇m(χ2Rm)|p
By (4.23), (4.24), (4.25) and (4.11),
(4.26)
∂
∂t
∫
|∇m(χ2Rm)|p ≤ −34
∫
χ2|∇m(χ2Rm)|p|∇m+1(χ2Rm)|2
+C
∫
|∇m(χ2Rm)|p + C
∫
|∇m+1χ|p +C
By Lemma 3.6,
∂
∂t
∫
|∇m+1χ|p ≤ C
∫
|∇m+1χ|p · |χ2Rc| +C
∫
|∇m+1χ|p−1 · |∇m(χ2Rm)| · |∇χ|
+ C
∑
1≤k≤m−1
∫
|∇m+1χ|p−1 · |∇k(χ2Rm)| · |∇m+1−kχ|
≤ C
∫
|∇m+1χ|p +C
( ∫
|∇m+1χ|p
) 1
p ·
( ∫
|∇m(χ2Rm)|p
) 1
p
+C
∑
1≤k≤m−1
[( ∫
|∇m+1χ|p
) 1
p ·
( ∫
|∇kχ|2p
) 1
2p ·
( ∫
|∇m+1−kχ|2p
) 1
2p
]
the last inequality follows from Ho¨lder inequality and the assumption of
theorem.
Hence by Young’s inequality, (A1) and (C3),
(4.27) ∂
∂t
∫
|∇m+1χ|p ≤ C1
∫
|∇m+1χ|p + C2
∫
|∇m(χ2Rm)|p +C3
By (4.27) and Lemma 4.1, on [0, T ),∫
|∇m+1χ|pg(t)dVg(t) ≤ eC1t
[ ∫
|∇m+1χ|pg0dVg0
+
∫ t
0
e−C1s
(
C3 + C2|∇m(χ2Rm)|p(g(s),Lp(Ω))
)
ds
]
RICCI FLOW ON NONCOMPACT RIEMANNIAN MANIFOLDS 33
Hence on [0, T ),
(4.28)
∫
|∇m+1χ|p ≤ C +C
∫ t
0
|∇m(χ2Rm)|p(g(s),Lp(Ω))ds
By (4.26) and (4.28),
∂
∂t
|∇m(χ2Rm)|p(g(t),Lp(Ω)) ≤ C4
∫ t
0
|∇m(χ2Rm)|p(g(s),Lp(Ω))ds
+C5|∇m(χ2Rm)|p(g(t),Lp(Ω)) + C6(4.29)
By (4.29) and Lemma 4.2, |∇m(χ2Rm)|p(g(t),Lp(Ω)) is uniformly bounded on
[0, T ). Hence (C2) is proved. By induction method, (C1) is proved. 
Proposition 4.7. If g(t), t ∈ [0, T ) is a solution to the local Ricci flow on
(Mn, g0), and for any m ≥ 0, |∇m(χ2Rm)|(g(t),∞) is uniformly bounded on
[0, T ). Then the local Ricci flow can be extended smoothly through time T .
Proof: Use similar argument in section 7 of chapter 6 of [1], the difference
is that ∇m(χ2Rm) plays the key role in our local Ricci flow case instead of
∇mRm in Ricci flow case. 
Theorem 4.8. If g(t), t ∈ [0, T ), 0 < T < +∞ is a smooth solution of the
local Ricci flow on (Mn, g0). Assume |χ2Rm|(g(t),∞) is uniformly bounded on
[0, T ), then the local Ricci flow can be extended smoothly through time T .
Proof: By Theorem 4.6 and Proposition 4.7, we get our conclusion. 
5. Existence time estimates (The first case: p0 > n2)
In this section, we use the product of two different cut-off functions to do
curvature estimates, so we call them “Local local” curvature estimates. Also
in this section, we assume that (Mn, g0) is a n-dimensional (n ≥ 3) complete
noncompact Riemannian manifold satisfying the following assumptions:
(5.1)

( >
Bx(4r0) h
2n
n−2 dVg0
) n−2
n ≤ A0r20
>
Bx(4r0) |∇h|
2dVg0 ,( >
Bx(r0) |Rm(g0)|
p0dVg0
) 1
p0 ≤ K1
for any x ∈ M and h ∈ C∞0 (Bx(4r0)), where A0 ≥ 1, p0 > n2 , K1, r0 are some
positive constants, and Bx(r) is the open geodesic ball of radius r centered
at x on (M, g0). And
>
means the usual average of integrand.
We always assume ‖∇χ‖∞ , ‖∇χ‖(g0,∞) = supx∈Ω
(
gi j0 ∇iχ∇ jχ
) 1
2 ≤ 1. Now
we state some lemmas about local Sobolev constants under scaling of met-
ric. There is well-known local Sobolev inequality
(5.2)(?
Bx(r)
f 2nn−2 dVg(t)
) n−2
n ≤ A(Bx(r), t)r2
?
Bx(r)
|∇ f |2dVg(t), ∀ f ∈ C∞0 (Bx(r))
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with respect to each metric g(t), and A(Bx(r), t) depends on both t and
Bx(r). Note in (5.2), although Bx(r) is the geodesic ball with respect to
g0,
>
Bx(r) f
2n
n−2 dVg(t) , 1Vg(t)(Bx(r))
∫
Bx(r) f
2n
n−2 dVg(t). When r is fixed, A(t) ,
supx∈Mn A(Bx(r), t).
Lemma 5.1. If a−1g0 ≤ g(t) ≤ ag0, then
a−(n+1)A0 ≤ A(t) ≤ an+1A0
where A0 = A(0) is respect to g0, a ≥ 1 is some positive constant.
Proof: It is straightforward from scaling argument and (5.2). 
Remark 5.2. We had defined two Sobolev constants, the Sobolev constant
for (Ω, g(t)) is Cs(Ω, g(t)) defined in (2.6) and local Sobolev constant A(Bx(r), t)
is defined in (5.2). They are different from each other although they satisfy
similar property as in Lemma 5.1.
Lemma 5.3. Assume that the inequality:(?
Bx(4r0)
h 2nn−2 dVg0
) n−2
n ≤ A0r20
?
Bx(4r0)
|∇h|2dVg0
where h ∈ C∞0 (Bx(4r0)), A0 ≥ 1 and r0 are fixed positive constants. Then
Vg0
(
Bx(ρ)) ≥ N1( ρ4r0
)n
Vg0
(
Bx(4r0)), 0 < ρ ≤ 4r0
where N1 = 22n−
n2
2 A−
n
2
0 and N1 ≤ 1.
Proof: For simplicity, we use V(4r0) instead of Vg0(Bx(4r0)) in the proof.
By assumption,( ∫
B(4r0)
|h| 2nn−1
) n−2
2n ≤ A
1
2
0 r0V(4r0)−
1
n
( ∫
B(4r0)
|∇h|2
) 1
2
We recall Theorem 3.1.5 in [11]:
Theorem: Assume that the inequality
∀ f ∈ C∞0 (M) , || f ||r ≤ (C||∇ f ||p)θ|| f ||1−θs
is satisfied for some r, s, θ with 0 < s ≤ r ≤ ∞ and 0 < θ ≤ 1. Assume also
that
θ
p
+
1 − θ
s
− 1
r
> 0
Then V(x, ρ) ≥ cρν with ν defined by
θ
ν
=
θ
p
+
1 − θ
s
− 1
r
and the constant c given by c = 2− ν
2
θr
− ν
θ C−ν. 
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Let θ = 1, s = r = 2n
n−2 , p = 2 in the above theorem, C =
A
1
2
0 r0
V 1n
, where
V = V(4r0), and ν = n. Then c = 2− n
2
2 (A 120 r0)−nV , by the above theorem,
V(ρ) ≥ cρν = 22n− n
2
2 A−
n
2
0
( ρ
4r0
)n
V ≥ N1
( ρ
4r0
)n
V(4r0)

Lemma 5.4. (Mn, g) is a smooth, complete Riemannian manifold with the
property:
Vg
(
Bx(ρ)) ≥ N1( ρ4r0
)n
Vol(Bx(4r0)), 0 < ρ ≤ 4r0, ∀x ∈ M
where r0 and N1 are fixed positive constants. Then there exists a sequence
(xi) of points of M such that
(I) M = ⋃∞i=1 Bxi(r0).
(II) For any i , j, Bxi( r02 ) ∩ Bx j( r02 ) = ∅.(III) For any j, Bx j(r0) intersects at most N balls Bxi(r0), i , j, where N =
24nN−21 = 2n
2 An0.
Proof: Let Xr0 = {(xi)I, xi ∈ M, s.t. I is countable and ∀i , j, dg(xi, x j) ≥
r0}. As one can easily check, Xr0 is partially ordered by inclusion and every
chain in Xr0 has an upper bound. Hence, by Zorn’s lemma, Xr0 contains a
maximal element (xi) and (xi) satisfies (I) and (II). From now on, let (xi) be
such that (I) and (II) are satisfied. For x ∈ M, we define
I2r0(x) = {i : x ∈ Bxi(2r0)}
Then
(5.3) V(Bx(2r0)) ≥ N12n V(Bx(4r0)) ≥
N1
2n
∑
i∈I2r0 (x)
V(Bxi(
r0
2
))
The last inequality follows from ⋃i∈I2r0 (x) Bxi( r02 ) ⊆ Bx(4r0) and Bxi( r02 ) ∩
Bx j( r02 ) = ∅ if i , j. By the assumption, V(Bxi( r02 )) ≥ N18n V(Bxi(4r0)). And
for i ∈ I2r0(x), Bx(2r0) ⊆ Bxi(4r0),
(5.4) V(Bxi(
r0
2
)) ≥ N18n V(Bx(2r0))
By (5.3) and (5.4),
V(Bx(2r0)) ≥ N21 2−4nCard(I2r0(x))V(Bx(2r0))
where Card stand for the cardinality. For any x ∈ M, Card(I2r0 (x)) ≤
24nN−21 . For fixed x j, if Bx j(r0) ∩ Bxi(r0) , ∅, then xi ∈ Bx j(2r0), i ∈ I2r0(x j)
and we get that N ≤ Card(I2r0(x j)) ≤ 24nN−21 
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Lemma 5.5. For the covering
(
Bxi(r0)
)
of (M, g) as in Lemma 5.4, we can
find ξi ∈ C0,10 (Bxi(r0)), 0 ≤ ξi ≤ 1,
∑
i ξ
2
i = 1, |∇ξi|2 ≤ C(r0, N), where
C(r0, N) = 8r20 (N + 1) and N is as in Lemma 5.4.
Proof: Let ρ : [0,∞) → [0, 1] be defined by
(5.5) ρ(t) =

1 0 ≤ t ≤ r02(2 − 2
r0
t)2 r02 ≤ t ≤ r0
0 r0 ≤ t
Let αi(x) = ρ(dg(x, xi)), where dg denotes the distance associated to g
and x ∈ M. Clearly, αi is Lipschitz with compact support. Note for any m,
|∇αm| ≤ 2(2 − 2r0 t) 2r0 = 4r0α
1
2
m, that is |∇αm |
2
|αm | ≤
(
4
r0
)2
. Let ηi = αi∑
m αm
. Then ηi is
a partition of unity subordinate to the covering
(
Bxi(r0)
)
.
|∇ηi| ≤
∣∣∣∣ ∇αi(∑m αm)
∣∣∣∣ + |αi| · |∑m ∇αm|(∑m αm)2 ≤ |∇αi| +
4ηi
r0
·
∑
m α
1
2
m∑
m αm
≤ |∇αi| +
4ηi
r0
√
N
in the last equality, we use Cauchy-Schwartz inequality and property (III)
in Lemma 5.4.
Let ξi = η
1
2
i , then ξi ∈ C0,10 (Bxi(r0)), 0 ≤ ξi ≤ 1,
∑
i ξ
2
i = 1. Hence
|∇ξi|2 =
1
4
· |∇ηi|
2
|ηi|
≤ 1
4|αi|
· 2
(
|∇αi|2 +
( 4
r0
ηi
√
N
)2) ≤ 8
r20
(N + 1)

For simplicity reason, we use notation Bi to replace Bxi(r0) in the rest of
this section. Note that (xi) are choosen as in Lemma 5.4 and are fixed in
the rest of this section and section 6. We also use ξ to replace ξi in some
proofs of this section, it will be clear from the context when we do such
replacement. We use the following notation in the rest of this section:?
hdVg(t) ,
1
Vg(t)(Bi)
∫
Bi∩Ω
hdVg(t)
for any h ∈ C∞0 (Bi), and it will be clear from the context which Bi we choose.
From Theorem 2.9 and DeTurck’s trick, local Ricci flow (1.2) has a
smooth solution on a sufficiently small time interval starting at t = 0. By
(5.1), we can assume that [0, Tmax) is the maximal time interval, on which
local Ricci flow (1.2) has a smooth solution and such that the following hold
for each metric g(t) (where g(0) = g0):
(5.6)
(?
Bx(4r0)
h 2nn−2 dVg(t)
) n−2
n ≤ 4A0r20
?
Bx(4r0)
|∇h|2dVg(t) ;
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(5.7) 1
2
g0 ≤ g(t) ≤ 2g0 ;
(5.8)
( 1
Vg(t)(Bi)
∫
Bi∩Ω
|Rm(g(t))|p0dVg(t)
) 1
p0 ≤ (2N) 1p0 K1 i = 1, 2, 3, · · ·
for any x ∈ M, h ∈ C∞0 (Bx(4r0)) and Bi are chosen as in Lemma 5.4.
In the following lemma, we get the parabolic version of energy estimates
on [0, Tmax) under local Ricci flow.
Lemma 5.6. For 0 ≤ t < Tmax, any i, q ≥ 1, p ≥ n2 , p′ ≥ 0 and p ≥ p′, there
exists some positive constant
(5.9) C1(A0, K1, n, p0, r0) = C(n, p0)A
(2p0+3)n
2p0−n
0 K
2p0
2p0−n
1
[
r−20 + r
2n
2p0−n
0
]
such that:
(5.10)
∂
∂t
( >
ξ
2q
i χ
2p′ |Rm|pdVg(t)
)
+
1
10
( > ∣∣∣∇(ξqi χp′+1|Rm| p2 )∣∣∣2dVg(t))
≤ C1(A0, K1, n, p0, r0)p
n
2p0−n+3q2
( >
ξ
2q−2
i χ
2p′ |Rm|pdVg(t)
)
Proof: Set f (x, t) = |Rm(x)|g(t), we get the following:
(5.11) ∂
∂t
(?
ξ2qχ2p
′ f p
)
≤
7∑
k=1
Ik
where
I1 = p
?
ξ2qχ2p
′
+2 f p−1∆ f , I2 = p
?
ξ2qχ2p
′
+2 f p−2|∇ f |2
I3 = −(1−ǫ)p
?
ξ2qχ2p
′
+2 f p−2|∇Rm|2, I4 = 10p
?
ξ2qχ2p
′
+2 f p+1−
?
ξ2qχ2p
′
+2 f pR
I5 =
(105
ǫ
)
np
?
ξ2qχ2p
′ |∇χ|2 f p, I6 = 8p
?
ξ2qχ2p
′
+1 f p−2grigs jgpkgqlRrspqR jkχil
I7 = n(n − 1)
(?
ξ2qχ2p
′ f p
)
·
( 1
Vg(t)(Bi)
∫
Bi
χ2 f
)
For simplification, we set the following notations:
a˜ = ξqχp
′ f p2 |∇χ|; ˜b = ξqχp′+1 f p2 −1|∇ f |;
c˜ = ξqχp
′
+1 f p2−1|∇Rm|; ˜d =
> ∣∣∣∇(ξqχp′+1 f p2 )∣∣∣2; e˜ = ξq−1χp′+1 f p2 |∇ξ|
Then
I1 ≤ −p(p − 1)
>
˜b2 + 2ǫp
>
˜b2 + pq
2
ǫ
>
e˜2 +
p(p′+1)2
ǫ
>
a˜2
I2 ≤ p
?
˜b2, I3 = −(1 − ǫ)p
?
c˜2, I5 ≤
(105
ǫ
)
np
?
a˜2
where 0 < ǫ < 18 is some constant to be determined later.
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Using integration by parts and Young’s inequality,
I6 ≤ ǫp
?
c˜2 +
1
ǫ
106n3 p3q2
(?
a˜2 +
?
e˜2
)
And
I7 ≤ n(n − 1)
?
ξ2qχ2p
′ f p ·
( 1
Vg(t)(Bi)
∫
Bi∩Ω
f p0
) 1
p0
≤ C(n, p0)A
n
p0
0 K1
(?
ξ
2q−2
i χ
2p′ f pdVg(t)
)
in the last inequality above, we use the fact that N = 2n2 An0 by Lemma 5.3
and Lemma 5.4.
Note that |R| ≤ n|Rm| ≤ 2p f , p′0 < nn−2 where 1p0 + 1p′0 = 1,
I4 ≤ 12p
>
ξ2qχ2p
′
+2 f p+1 ≤ 12p ∦ f ‖p0,Bi∩Ω ·
[ > (
ξ2qχ2p
′
+2 f p)p′0] 1p′0
≤ 12p(2N) 1p0 K1 ·
[
C(ǫ, p0, n)(2N pK1A0r20)
n
2p0−n
>
ξ2qχ2p
′
+2 f p
+
ǫ
2N pK1A0r20
( > (
ξ2qχ2p
′
+2 f p) nn−2 ) n−2n ]
≤ 100ǫ ˜d + C(ǫ, n, p0)p
n
2p0−n+1q2A
n2+3n
2p0−n
0 K
2p0
2p0−n
1 r
2n
2p0−n
0
>
Bi∩Ω ξ
2q−2χ2p
′
+2 f p
where ∦ f ‖p0,Bi∩Ω=
(
1
Vg(t)(Bi)
∫
Bi∩Ω f p0
) 1
p0
.
Combining the above estimates, note ˜b ≤ c˜, then
(5.12)
∂
∂t
( >
ξ2qχ2p
′ f p
)
≤ p(1 + 4ǫ − p)
>
˜b2 + 100ǫ ˜d
+
2
ǫ
106n3 p3q2
( >
a˜2 +
>
e˜2
)
+C(ǫ, n, p0)p
n
2p0−n+1q2A
n2+3n
2p0−n
0 K
2p0
2p0−n
1 (r
2n
2p0−n
0 + 1)
·
( >
ξ2q−2χ2p
′
+2 f p
)
On the other hand,∣∣∣∣∇(ξqχp′+1 f p2 )∣∣∣∣2 ≤ (qe˜ + (p′ + 1)a˜ + p2 ˜b)2
≤ (2 + 12ǫ )q2e˜2 + (2 + 12ǫ )(p′ + 1)2a˜2 + (14 + ǫ)p2 ˜b2
Then
(5.13)?
˜b2 ≥
[
(1
4
+ ǫ)p2
]−1
˜d −
[(1
4
+ ǫ
)
p2
]−1(
2 + 1
2ǫ
)
(q + p′ + 1)2
?
(a˜2 + e˜2)
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By (5.12), (5.13), and estimate
>
e˜2 using | ˜∇ξi|2 ≤ C(r0, N) = 8r20 (N + 1)
as in Lemma 5.5, 0 ≤ ξi ≤ 1, 0 ≤ χ ≤ 1, also note 1 + 4ǫ − p < 0,
∂
∂t
(?
ξ2qχ2p
′ f p
)
+
(4(p − 1 − 4ǫ)
(1 + 4ǫ)p − 100ǫ
)
˜d
≤ C(ǫ, n, p0)p
n
2p0−n+3q2A
(2p0+3)n
2p0−n
0 K
2p0
2p0−n
1 [r20 + r
2n
2p0−n
0 ]
?
ξ2q−2χ2p
′ f p(5.14)
Choose ǫ = 11000 in (5.14), then
(5.15)
∂
∂t
( >
ξ2qχ2p
′ f p
)
+
1
10
( >
|∇(ξqχp′+1 f p2 )|2
)
≤ C(n, p0)p
n
2p0−n+3q2A
(2p0+3)n
2p0−n
0 K
2p0
2p0−n
1
[
r20 + r
2n
2p0−n
0
] >
ξ2q−2χ2p
′ f p
Replace f with |Rm|, the lemma is proved. 
For simplicity reason, we use C1 intead of C1(A0, K1, n, p0, r0) in the rest
of this section, similar for C2 etc. In the next lemma, we use the energy esti-
mate and modified Moser iteration to get local C0-estimate of |χ2Rm(g(t))|.
Lemma 5.7. If 0 < t < Tmax, then there exists some positive constant
(5.16) C2(A0, K1, n, p0, r0) = C(n, p0)A
(
3
2p0
+1
)
n
0
(
r
n
p0
0 K1
)
such that:
(5.17) |χ2Rm(g(t))| ≤ C2
[
C
n+2
2p0
1 t
1
p0 + t−
n
2p0
]
Proof: Let f (x, t) = |Rm(x)|g(t). Given any t1 and t2 such that 0 < t1 <
t2 < Tmax, set
ψ(t) =

0 0 ≤ t ≤ t1
t−t1
t2−t1 t1 ≤ t ≤ t2
1 t2 ≤ t < Tmax
By Lemma 5.6
(5.18)
∂
∂t
( >
ξ
2q
i χ
2p′ f pdVg(t)
)
+
1
10
( > ∣∣∣∇(ξqi χp′+1 f p2 )∣∣∣2dVg(t))
≤ C1 p
n
2p0−n+3q2
( >
ξ
2q−2
i χ
2p′ f pdVg(t)
)
Multiply (5.18) by ψ(t), integrate it from 0 to t0 with respect to t, where
t2 ≤ t0 < Tmax. Then
(5.19)
>
(ξ2qχ2p′ f p)dVg(t0) + 110
∫ t0
t2
>
|∇(ξqχp′+1 f p2 )|2
≤ CA
(2p0+3)n
2p0−n
0 K
2p0
2p0−n
1
[
r20 + r
2n
2p0−n
0
]
p
n
2p0−n+3q2
(
1 + 1t2−t1
) ∫ t0
t1
·
( >
ξ2(q−1)χ2p
′ f p
)
Note (5.19) is in fact valid for any 0 < t1 < t2 ≤ t0 < Tmax.
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For 0 < t ≤ t0, denote
H(p, p′, q, t) =
∫ t0
t
?
ξ2qχ2p
′ f p
then for any 0 < ι < ι′ ≤ t0 < Tmax, using (5.6), (5.19) and Ho¨lder
inequality,
H(p(1 + 2
n
), p′(1 + 2
n
) + 1, q(1 + 2
n
), ι′) =
∫ t0
ι′
> (
ξ2qχ2p
′ f p) 2n (ξqχp′+1 f p2 )2
≤
∫ t0
ι′
[ >
(ξ2qχ2p′ f p)
] 2
n · 4A0r2
[ >
|∇(ξqχp′+1 f p2 )|2
]
dt
≤ 40A0r20
[
C1 p
n
2p0−n+3q2 + 1
ι′−ι
]1+ 2
n H(p, p′, q − 1, ι)1+ 2n
Denote α = n2p0−n + 3, ν = 1 +
2
n
, η = νn+2, fix t ∈ (0, t0), set
pk = p0νk , p′k = pk − n2 , p′0 = p0 − n2 ,
qk = nνk − (n2 + 1) , q0 = n2 − 1 , ιk = t(1 − η−k) ,
Hk = H(pk, p′k, qk, ιk) , Φk = H
1
pk
k
Φ0 =
( ∫ t0
0
?
ξn−2χ2p0−n f p0
) 1
p0
Then for any k ≥ 0,
Hk+1 = H(pk+1, p′k+1, qk+1, ιk+1)
= H
(
pk(1 + 2n), p′k(1 + 2n) + 1, (qk + 1)(1 + 2n), ιk+1
)
≤ 40A0r20
[
C1 pαk (qk + 1)2 + 1ιk+1−ιk
]ν · H(pk, p′k, qk, ιk)ν
≤ 40A0r20
[
C1 pα0 n2ν(α+2)k + t−1
η
η−1η
k
]ν
Hνk
≤ C(n, p0)A0r20[C1 + t−1]νν(α+n+2)kνHνk
Taking pk+1-root on both sides of the above inequality,
Φk+1 ≤
[
C(n, p0)A0r20
]p−10 ν−(k+1)
ν
(α+n+2) kν−kp0
[
C1 + t−1
]p−10 ν−k
Φk
By induction,
Φk+1 ≤
[
C(n, p0)A0r20
]p−10 (σk+1−1)
ν
(α+n+2)σ
′
k
p0
[
C1 + t−1
]p−10 σk
Φ0
where σk =
∑k
i=0 ν
−i and σ′k =
∑k
i=0 iν−i, note that
σk+1−1
p0
≤ n2p0
Then
|ξ
n
p0
i χ
2 f (x, t)| ≤ lim
k→∞
Φk+1
≤ C(n, p0)A
n
2p0
0
[
C1 + t−1
] n+2
2p0 r
n
p0
0 ·
( ∫ t0
0
?
Bi∩Ω
ξn−2i χ
2p0−n f p0
) 1
p0
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Let t0 → t in the above and using (5.8),
|ξ
n
p0
i χ
2 f (x, t)| ≤ C(n, p0)A
n
2p0
0
[
C1 + t−1
] n+2
2p0 r
n
p0
0
[
(2N) 1p0 K1
]
t
1
p0
≤ C(n, p0)A
3n
2p0
0
(
r
n
p0
0 K1
)[
C
n+2
2p0
1 t
1
p0 + t−
n
2p0
]
Now for any x ∈ Ω, we assume x ∈ Bi0 ∩Ω, note |ξ2i χ2 f | ≤ |ξ
n
p0
i χ
2 f |, then
|χ2 f |(x, t) = |
N∑
j=1
ξ2jχ
2 f (x, t)| ≤ C(n, p0)A
(
3
2p0
+1
)
n
0
(
r
n
p0
0 K1
)[
C
n+2
2p0
1 t
1
p0 + t−
n
2p0
]
Replace f with |Rm|, this is our conclusion. 
Straightforward from Lemma 5.7, we have the following two corollaries.
Corollary 5.8. If 0 < t < Tmax, there exists some positive constant
C3(A0, K1, n, p0, r0) = C(n, p0)A
(
3
2p0
+1
)
n
0
(
r
n
p0
0 K1
)
(5.20)
such that
(5.21) |χ2Rc(g(t))| ≤ C3
(
t−
n
2p0 + C
n+2
2p0
1 t
1
p0
)
Corollary 5.9. If 0 ≤ t < Tmax, there exists some positive constant C, which
is independent of t, such that
|χ2Rm(g(t))| ≤ C
Choose T1 > 0 such that
exp
(
C1 p
n
2p0−n+3
0 NT1
)
=
3
2
where C1 is from Lemma 5.6 and N is from Lemma 5.4. Then
T1 = C(n, p0)A
− 5p0n2p0−n
0 K
− 2p02p0−n
1
[
r−2 + r
2n
2p0−n
0
]−1(5.22)
Proposition 5.10. If 0 ≤ t < Tmax < T1, then( 1
Vg(t)(Bi)
∫
Bi∩Ω
|Rm(g(t))|p0dVg(t)
) 1
p0 ≤
(3
2
N
) 1
p0 K1, i = 1, 2, 3, · · ·
Proof: Set f (x, t) + |Rm(x)|g(t). Let q = 1, p′ = 0, p = p0 in Lemma 5.6,
then:
∂
∂t
(?
Ω
ξ2i f p0dVg(t)
)
≤ C1 p
n
2p0−n+3
0
?
Bi∩Ω
f p0dVg(t)
For Ω, define Cov(Ω) = {Bi|Bi ∩ ¯Ω , ∅}, note that Cov(Ω) has only a
finite number of elements. We define
φ(t) = sup
Bi∈Cov(Ω)
[?
Bi∩Ω
ξ2i |Rm|p0dVg(t)
]
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Assume φ(t0) =
>
Bi0∩Ω
ξ2i0 |Rm|p0dVg(t0), then
(5.23)
∂
∂tφ(t0) ≤ ∂∂t
( >
Ω
ξ2i0 f p0
)
(t0) ≤ C1 p
n
2p0−n+3
0
>
Bi0∩Ω
f p0dVg(t0)
≤ C1 p
n
2p0−n+3
0
∑N
j=1
( ∫
Bi0∩Ω
ξ2j f p0dVg(t0)
)
≤ C1 p
n
2p0−n+3
0 Nφ(t0)
Because t0 is chosen freely,
(5.24) ∂
∂tφ(t) ≤
[
C1 p
n
2p0−n+3
0 N
]
φ(t)
By (5.1), φ(0) ≤ supBi
>
Bi∩Ω |Rm|
p0dVg0 ≤ Kp01 , then by the definition of
T1 and (5.24),
φ(t) ≤ 3
2
Kp01
Now >
Bi∩Ω |Rm|
p0dVg(t) =
∑N
j=1
>
Bi∩Ω ξ
2
j f p0 ≤ Nφ(t) ≤ 32 NKp01

Define
T1,1 +
[(2p0 − n) ln 2
8p0(n + 1) C
−1
3
] 2p0
2p0−n , T1,2 +
[ p0 ln 2
4(p0 + 1)(n + 1)C
−1
1 C
−( n+22p0 )
3
] p0
p0+1
and recall T1 is defined in (5.22),
T2 + min{T1, T1,1, T1,2}(5.25)
Proposition 5.11. If 0 ≤ t < Tmax < T2, then
(5.26) 2− 1n+1 g0 ≤ g(t) ≤ 2 1n+1 g0
Proof: Choose 0 ≤ t0 < Tmax < T2. then by Corollary 5.8, we have∫ t0
0 | ∂∂t g|dt =
∫ t0
0 |2χ2Rc(g(t))|dt ≤
∫ t0
0 2C3
(
t−
n
2p0 + C
n+2
2p0
1 t
1
p0
)
dt ≤ ln 2
n+1
By Lemma 6.49 in [1], we get our conclusion. 
Proposition 5.12. If 0 ≤ t < Tmax < T2, then
(5.27)(?
Bx(4r0)
h 2nn−2 dVg(t)
) n−2
n ≤ 2A0r2
?
Bx(4r0)
|∇h|2dVg(t), ∀h ∈ C∞0 (Bx(4r0))
Proof: By Lemma 5.1 and Proposition 5.11, we get our conclusion. 
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Proposition 5.13. If Tmax < T2, then on [0, Tmax), we have
(5.28)

( >
Bx(4r0) h
2n
n−2 dVg(t)
) n−2
n ≤ 2A0r2
>
Bx(4r0) |∇h|
2dVg(t),
2− 14 g0 ≤ g(t) ≤ 2 14 g0( >
Bi∩Ω |Rm(g(t))|
p0dVg(t)
) 1
p0 ≤
(
3
2 N
) 1
p0 K1
|χ2Rm(g(t))| ≤ C
for any x ∈ M and h ∈ C∞0 (Bx(4r0)), where C is independent of t.
Proof: Combining Propositions 5.10, 5.11, 5.12 and Corollary 5.9, we
get our conclusion. 
Theorem 5.14. Assume (Mn, g0) is a n-dimensional (n ≥ 3) complete non-
compact Riemannian manifold, which satisfies (5.1). Then local Ricci flow
(1.2) has a smooth solution on [0, T22 ], where T2 is defined in (5.25). More-
over, for t ∈ [0, T22 ], the metric satisfies (5.7) and the curvature tensors
satisfy the bounds (5.17) and (5.21).
Proof: Firstly, by Theorem 2.9 and DeTurck’s trick, the equation (1.2) has
a smooth solution on a sufficiently small time interval starting at t = 0. Let
[0, Tmax) be a maximal time interval on which (1.2) has a smooth solution
and such that (5.6), (5.7), (5.8) hold for each metric g(t). We claim that
Tmax > T22 , we prove it by contradiction.
If Tmax ≤ T22 , then Tmax < T2. By Proposition 5.13, |χ2Rm|(g(t),∞) is uni-
formly bounded on [0, Tmax). Then by Theorem 4.8, we can extend the
solution of local Ricci flow to [0, Tmax + δ), where δ > 0 is some constant.
By Proposition 5.13, we can furthermore assume that (5.6), (5.7), (5.8) hold
on [0, Tmax + δ), so it is the contradiction with the definition of Tmax. Then
we have Tmax > T22 , and (1.2) has a smooth solution on [0, T22 ]. We prove the
first conclusion and g(t) satisfies (5.7).
Note T22 < Tmax, then by Lemma 5.7 and Corollary 5.8, we get (5.17),(5.21). 
Remark 5.15. In fact we have the following conclusion by the observation
that the power ration between K1 and r0 is exactly p0n in local Ricci flows
existence time T22 (in fact in T1, T1,1 and T1,2 ).
Assume (Mn, g0) is a n-dimensional (n ≥ 3) complete noncompact Rie-
mannian manifold, which satisfies:
(5.29)

Rc ≥ 0,
limr→∞
V(Bx0 (r))
rn
= δ > 0,( ∫
Mn |Rm(g0)|p0dVg0
) 1
p0 ≤ C0 < ∞
where x0 ∈ Mn is a fixed point, p0 > n2 and C0 are positive constants.
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LetΩr + Bx0(r), r ≥ 1 is positive constant, then local Ricci flow (1.2) with
repect to Ωr has a smooth solution on [0, T ], where T > 0 is independent of
r.
The proof of the above conclusion is similar to Theorem 5.14, but not
using {ξi}∞i=1 in the whole procedure.
6. Existence time estimates (The second case: Scale-Invariant Exponent)
In this section, we assume that (Mn, g0) is a n-dimensional (n ≥ 3) com-
plete noncompact Riemannian manifold satisfying the following assump-
tions:
(6.1)
Vg0(Bx(ρ)) ≥ N̂1
(
ρ
4r0
)n
Vg0(Bx(4r0)), 0 < ρ ≤ 4r0,( ∫
Bx(r0) h
2n
n−2 dVg0
) n−2
n ≤ Â0
∫
Bx(r0) |∇h|
2dVg0 ,( ∫
Bx(r0) |Rm(g0)|
n
2 dVg0
) 2
n ≤
(
τnÂ0
)−1
,( ∫
Bx(r0) |Rc(g0)|
p0dVg0
) 1
p0 ≤ K̂1
for any x ∈ Mn, h(x) ∈ C∞0 (Bx(r0)), where p0 > n2 , Â0 ≥ 1, N̂1 ≤ 1, K̂1 and
r0 are positive constants, τ = 300N̂ p0 and N̂ = 24nN̂−21 ≥ 1 as in Lemma
5.4, but using N̂1 not N1.
By the doubling property assumption in (6.1), we can choose Bi as in
Lemma 5.4. By similar argument as in the section 5, we can assume that
[0, Tmax) is the maximal time interval on which the local Ricci flow (1.2)
has a smooth solution and the following holds for each metric g(t) (where
g(0) = g0): ( ∫
Bx(r0)
h 2nn−2 dVg(t)
) n−2
n ≤ 4Â0
∫
Bx(r0)
|∇h|2dVg(t);(6.2)
1
2
g0 ≤ g(t) ≤ 2g0;(6.3) ( ∫
Bi∩Ω
|Rm(g(t))| n2 dVg(t)
) 2
n ≤
(
2N̂
) 2
n
(
τnÂ0
)−1
, i = 1, 2, 3, · · ·(6.4)
for any x ∈ Mn, h ∈ C∞0 (Bx(r0)).
Lemma 6.1. When 0 ≤ t < Tmax, for any i, q ≥ 1, p ≥ n2 , p′ ≥ 0 and p ≥ p′,
there exists constant Ĉ1(n, N̂1, r0) = C(n, N̂1)(r−20 + 1) > 0 such that:
∂
∂t
( ∫
Ω
ξ
2q
i χ
2p′ |Rm|pdVg(t)
)
+ θ
( ∫
Ω
|∇(ξqi χp
′
+1|Rm| p2 )|2dVg(t)
)
≤ 1
ǫ
Ĉ1(n, N̂1, r0)p3q2
( ∫
Bi∩Ω
ξ
2q−2
i χ
2p′ |Rm|pdVg(t)
)
(6.5)
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where
θ =
(4(p − 1 − 4ǫ)
(1 + 4ǫ)p
)
− 48pÂ0|Rm|(g(t), L n2 (Bi∩Ω))(6.6)
and |Rm|(g(t), L n2 (Bi∩Ω)) + ( ∫Bi∩Ω |Rm(x, t)| n2 dVg(t)) 2n , ǫ > 0 is any positive con-
stant.
Proof: Let f (x, t) = |Rm(x, t)|g(t),
∂
∂t
( ∫
Ω
ξ2qχ2p
′ f p
)
≤
6∑
k=1
Ik(6.7)
where
I1 = p
∫
ξ2qχ2p
′
+2 f p−1∆ f , I2 = p
∫
ξ2qχ2p
′
+2 f p−2|∇ f |2
I3 = −(1 − ǫ)p
∫
ξ2qχ2p
′
+2 f p−2|∇Rm|2, I4 = 10p
∫
ξ2qχ2p
′
+2 f p+1 −
∫
ξ2qχ2p
′
+2 f pR
I5 =
(105
ǫ
)
np
∫
ξ2qχ2p
′ |∇χ|2 f p, I6 = 8p
∫
ξ2qχ2p
′
+1 f p−2grigs jgpkgqlRrspqχilR jk
For simplification, we set the following notations:
a˜ = ξqχp
′ f p2 |∇χ|; ˜b = ξqχp′+1 f p2 −1|∇ f |;
c˜ = ξqχp
′
+1 f p2 −1|∇Rm|; ˜d =
∫ ∣∣∣∇(ξqχp′+1 f p2 )∣∣∣2; e˜ = ξq−1χp′+1 f p2 |∇ξ|;
Note |R| ≤ n|Rm| = 2p f ,
I4 ≤ 12p
∫
ξ2qχ2p
′
+2 f p+1 ≤ 12p| f |(g(t),L n2 (Bi∩Ω)) · 4Â0 ·
∫ ∣∣∣∇(ξqχp′+1 f p2 )∣∣∣2
≤ 48pÂ0| f |(g(t),L n2 (Bi∩Ω)) · ˜d
Similar to the proof of Lemma 5.1,
∂
∂t
( ∫
Ω
ξ2qχ2p
′ f p
)
≤ p(1 + 4ǫ − p)
∫
˜b2 + 48pÂ0|| f || n2 , Bi∩Ω · ˜d
+
2
ǫ
106n3 p3q2
( ∫
a˜2 +
∫
e˜2
)
(6.8)
Then by (5.13),
∂
∂t
( ∫
ξ2qχ2p
′ f p
)
+ θ ˜d ≤ 4
ǫ
106n3 p3q2
∫
(a˜2 + e˜2)
≤ 8
ǫ
106n3 p3q2
( ∫
Ω
ξ2qχ2p
′ |Rm|pdVg(t) +
∫
Ω
ξ2q−2χ2p
′
+2|Rm|p|∇ξ|2dVg(t)
)
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where θ is defined in (6.6). Replace f with |Rm|, by Lemma 5.5, | ˜∇ξi|2 ≤
8
r20
(N̂ + 1), the lemma is proved. 
Lemma 6.2. When 0 < t < Tmax, for i = 1, 2, 3, · · · , there exists a constant
C(n, p0, N̂1) such that∫
Ω
ξ4i χ
2|Rm(x)|1+ n2 dVg(t) ≤ C(n, p0, N̂1)(r−20 + 1)(Â0)− n2 (t + 1)2t−1(6.9)
Proof: Let f (x, t) = |Rm(x)|g(t). In Lemma 6.1, let q = 1, p′ = 0, p = n2 ,
ǫ = 116 , plug the above values into (6.6), we get θ ≥ 16 , then
∂
∂t
( ∫
Ω
ξ2 f n2 dVg(t)
)
+
1
6
∫
Ω
|∇(ξχ f n4 )|2dVg(t) ≤ 1
ǫ0
C(n, N̂1)(r−20 + 1)
( ∫
Bi∩Ω
f n2 dVg(t)
)
Multiply the above by ψt1 ,t2(t), which is define in the proof of Lemma
5.7. Integrate from 0 to t0 with respect to t, where t0 satisfies t2 ≤ t0 < Tmax.
Then let t1 = t04 , t2 =
t0
2 , by (6.4),∫ t0
t0
2
∫
Ω
|∇(ξχ f n4 )|2 ≤ C(n, N̂1)(r−20 + 1)(1 +
1
t0
)
∫ t0
t0
4
∫
Bi∩Ω
f n2
≤ C(n, p0, N̂1)(r−20 + 1)
(
Â0
)− n2 (1 + 1
t0
)
t0(6.10)
Again in Lemma 6.1, let q = 2, p′ = 1, p = 1 + n2 , choose ǫ =
1
16 , then
θ ≥ 13 > 0 and
∂
∂t
( ∫
Ω
ξ4χ2 f 1+ n2 dVg(t)
)
≤ C(n, N̂1)(r−20 + 1)
( ∫
Ω
ξ2χ2 f 1+ n2 dVg(t)
)
Multiply the above with ψ, integrate from 0 to t0, where t2 ≤ t0 < Tmax,
then let t1 = t02 , t2 = t0, from (6.2), (6.4) and (6.10)∫
Ω
ξ4χ2 f 1+ n2 dVg(t0) ≤ C(n, N̂1)(r−20 + 1)
(
1 + 1
t0
)( ∫ t0
t0
2
∫
Ω
ξ2χ2 f 1+ n2
)
≤ C(n, p0, N̂1)(r−20 + 1)
(
Â0
)− n2 (1 + 1
t0
)2
t0
Because we choose t0 arbitrarily, for any 0 < t < Tmax∫
Ω
ξ4χ2 f 1+ n2 dVg(t) ≤ C(n, p0, N̂1)(r−20 + 1)
(
Â0
)− n2 (t + 1)2t−1
Replace f with |Rm|, we get our conclusion. 
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Lemma 6.3. When 0 < t < Tmax, q ≥ 2, p ≥ n2 , p′ ≥ 0 and p ≥ p′, there
exists a constant C(n, p0, N̂1) such that
∂
∂t
( ∫
Ω
ξ
2q
i χ
2p′ |Rc|p
)
+
1
9
( ∫
Ω
∣∣∣∇(ξqi χp′+1|Rc| p2 )∣∣∣2)
≤ C(n, p0, N̂1)p2+ n2 q2(r−20 + 1)(t + 1)2t−1(
∫
Bi∩Ω
ξ
2(q−2)
i χ
2p′ |Rc|p
)
(6.11)
There also exists Ĉ2(n, N̂1) > 0 such that:
∂
∂t
( ∫
Ω
ξ2i χ
2p′ |Rc|pdVg(t)
)
+ θ
( ∫
Ω
∣∣∣∣∇(ξiχp′+1|Rc| p2 )∣∣∣∣2dVg(t))
≤ 1
ǫ
Ĉ2(n, N̂2)p3(r−20 + 1)
( ∫
Bi∩Ω
χ2p
′ |Rc|p
)
(6.12)
where θ =
[
4(p−1−4ǫ)
(1+4ǫ)p −
32pN̂ 2n
τ
√
n
]
and ǫ > 0 is any positive constant.
Proof: Let f (x, t) = |Rc(x)|g(t). By Lemma 3.4
∂
∂t
( ∫
Ω
ξ2qχ2p
′ f p
)
≤
6∑
k=1
Ik(6.13)
where
I1 = p
∫
ξ2qχ2p
′
+2 f p−1∆ f , I2 = p
∫
ξ2qχ2p
′
+2 f p−2|∇ f |2
I3 = −(1 − ǫ)p
∫
ξ2qχ2p
′
+2 f p−2|∇Rc|2, I4 = 2(1 +
√
n)p
∫
ξ2qχ2p
′
+2 f p|Rm|
I5 =
(105
ǫ
)
np
∫
ξ2qχ2p
′ |∇χ|2 f p, I6 = p
∫
ξ2qχ2p
′
gikg jlRklJ2
where J2 in I6 is from (3.13).
Similar to the proof of Lemma 1.1, we set
a˜ = ξqχp
′ f p2 |∇χ|; ˜b = ξqχp′+1 f p2 −1|∇ f |;
c˜ = ξqχp
′
+1 f p2 −1|∇Rc|; ˜d =
∫ ∣∣∣∇(ξqχp′+1 f p2 )∣∣∣2; e˜ = ξq−1χp′+1 f p2 |∇ξ|;
Then
I1 + I2 + I3 + I5 + I6 ≤
4(1 + 4ǫ − p)
(1 + 4ǫ)p
˜d + 4
ǫ
106n3 p3q2
( ∫
a˜2 +
∫
e˜2
)(6.14)
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Finally for I4, when q ≥ 2
I4 ≤ 2(1 +
√
n)p
( ∫
Ω
ξ4χ2|Rm|1+ n2
) 2
n+2 ·
( ∫
Bi∩Ω
ξ2(q−2)ξ2p
′ f p
) 2
n+2
·
[ ∫
Ω
(
ξqχp
′
+1 f p2
) 2n
n−2 ] n−2n+2
≤ aˆ · ˆb
in the last inequality we used Lemma 6.2 and the following notations:
aˆ = C(n, p0, N̂1)p
[(
r−20 + 1
)(t + 1)2t−1] 2n+2 ( ∫
Bi∩Ω
ξ2(q−2)χ2p
′ f p
) 2
n+2
ˆb =
( ∫
Ω
∣∣∣∣∇(ξqχp′+1 f p2 )∣∣∣∣2) nn+2
s =
n + 2
2
, s′ =
n + 2
n
,
1
s
+
1
s′
= 1
For any δ > 0,
aˆˆb ≤ 1
s
(
aˆδ−
1
ss′
)s
+
1
s′
(
ˆbδ 1ss′
)s′ ≤ aˆsδ− 1s′ + ˆbs′δ 1s
Let δ = k
n+2
2
0 , where k0 is some positive constant which will be determined
later.
I4 ≤ k−
n
2
0 C(n, p0, N̂1)p
n+2
2
[
(r−20 + 1)(t + 1)2t−1
]( ∫
Bi∩Ω
ξ2(q−2)χ2p
′ f p
)
+ k0 ˜d
(6.15)
Now we choose ǫ = 116 , k0 =
1
9 in (6.14) and (6.15), from (6.13)
∂
∂t
( ∫
Ω
ξ2qχ2p
′ f p
)
+
1
3
∫
Ω
∣∣∣∇(ξqχp′+1 f p2 )∣∣∣2
≤ C(n, p0, N̂1)p2+ n2 q2(r−20 + 1)(t + 1)2t−1
( ∫
Bi∩Ω
ξ2(q−2)χ2p
′ f p
)
Hence (6.11) is proved.
When q = 1, from (6.2), (6.4) and Ho¨lder inequality,
I4 ≤ 8(1 +
√
n)pÂ0|Rm|(g(t), L n2 (Bi∩Ω)) · ˜d ≤ 32pN̂
2
n
τ
√
n
˜d(6.16)
From (6.13), (6.14) and (6.16),
∂
∂t
( ∫
Ω
ξ2i χ
2p′ f pdVg(t)
)
+ θ
( ∫
Ω
∣∣∣∣∇(ξiχp′+1 f p2 )∣∣∣∣2dVg(t))
≤ 4
ǫ
106n3 p3
(
|∇χ|2∞
∫
Ω
ξ2i χ
2p′ f p +
∫
Bi∩Ω
χ2p
′
+2 f p|∇ξi|2
)
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Replace f by |Rc| and simplify it, we get (6.12). 
Choose T̂1 > 0 such that
exp
(
16Ĉ2 p30N̂(r−20 + 1)T̂1
)
=
3
2
(6.17)
Corollary 6.4. When 0 ≤ t < Tmax ≤ T̂1,( ∫
Bi∩Ω
|Rc|p0dVg(t)
) 1
p0 ≤
(3
2
N̂
) 1
p0 K̂1, i = 1, 2, 3, · · ·(6.18)
Proof: Set f = |Rc|, choose p′ = 0, p = p0 and ǫ = 116 in (6.12), then it is
easy to check that θ ≥ 115 ≥ 0 from the definition of θ in Lemma 6.3, then
∂
∂t
∫
Ω
ξ2i |Rc|p0 ≤ 16Ĉ2 p30(r−20 + 1)
( ∫
Bi∩Ω
|Rc|p0
)
Define φ(t) = supBi∈Cov(Ω)
∫
Bi∩Ω ξ
2
i |Rc|p0dVg(t),
∂
∂t
φ(t) ≤ 16Ĉ2 p30(r−20 + 1)N̂φ(t)
From the last inequality in (6.1),
φ(t) ≤ exp
(
16Ĉ2 p30N̂(r−20 + 1)t
)
φ(0) ≤ 3
2
K̂p01
Now we have ∫
Bi∩Ω
|Rc|p0dVg(t) ≤ N̂φ(t) ≤
(3
2
N̂
)
K̂p01
The conclusion is proved. 
We still use Moser iteration to get local C0-estimate |χ2Rc(g(t))|.
Proposition 6.5. If 0 < t < Tmax ≤ T̂1, there exists some constant Ĉ3(n, N̂1, p0) >
0 such that
|χ2Rc(g(t))| ≤ Ĉ3
[(
r−20 + 1
)
Â0
] n
2p0 K̂1
(
t−
n
2p0 + t
n
2p0
)
(6.19)
Proof: Let f (x, t) = |Rc(x)|g(t). From (6.11), do similar argument as in
Lemma 5.7 except defining H as the following
H(p, p′, q, t) =
∫ t0
t
∫
Bi∩Ω
ξ2qχ2p
′ f p
Denote ν = 1 + 2
n
, η = νn+2 and fix t ∈ (0, t0), set
pk = p0νk, p′k = pk −
n
2
,
qk = 2nνk − (n + 2), q0 = n − 2, τk = t(1 − η−k),
Hk = H(pk, p′k, qk, τk), Φk = H
1
pk
k
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Then
Φ0 =
( ∫ t0
0
∫
Ω
ξ2(n−2)χ2p0−n f p0
) 1
p0
We can get∣∣∣∣ξ 2np0i χ2 f (x, t)∣∣∣∣ ≤ limk→∞Φk+1
≤ C(n, N̂1, p0)(r−20 + 1) n2p0 (t0 + 1) np0 Â n2p00 t− n+22p0 (
∫ t0
0
∫
Bi∩Ω
ξ
2(n−2)
i χ
2p0−n f p0
) 1
p0
Let t0 → t in the above and use Corollary 6.4,∣∣∣∣ξ 2np0i χ2 f (x, t)∣∣∣∣ ≤ C(n, N̂1, p0)[(r−20 + 1)Â0] n2p0 K̂1(t− n2p0 + t n2p0 )
For any x ∈ Ω, one can assume x ∈ Bi0 ∩Ω, and note |ξ4i χ2 f | ≤
∣∣∣∣ξ 2np0i χ2 f ∣∣∣∣,
then
|χ2 f |(x, t) =
∣∣∣∣ N̂∑
j=1
ξ2jχ
2 f (x, t)
∣∣∣∣ = ∣∣∣∣( N̂∑
j=1
ξ2j
)
χ2 f
∣∣∣∣
≤ Ĉ(n, N̂1, p0)
[(
r−20 + 1
)
Â0
] n
2p0 K̂1
(
t−
n
2p0 + t
n
2p0
)
Replace f with |Rc|, that is our conclusion. 
Lemma 6.6. When 0 < t < Tmax, for q > 2, p ≥ n2 , p′ ≥ 0 and p ≥ p′, there
exists a constant C(n, p0, N̂1) such that
∂
∂t
( ∫
ξ
2q
i χ
2p′ |Rm|p
)
+
1
9
( ∫ ∣∣∣∣∇(ξqi χp′+1|Rm| p2 )∣∣∣∣2)
≤ C(n, p0, N̂1)p2+ n2 q2(r−20 + 1)(t + 1)2t−1
( ∫
Bi∩Ω
ξ
2(q−2)
i χ
2p′ |Rm|p
)
Proof: Use Lemma 6.2, the proof is similar to the proof of (6.11) in
Lemma 6.3. 
Lemma 6.7. If 0 < t < Tmax, there exists some positive constant Ĉ4(n, N̂1, p0)
such that
|χ2Rm(g(t))| ≤ Ĉ4(r−20 + 1)(t−1 + t)(6.20)
Proof: Similar to the proof of Proposition 6.5, but replacing p0 with n2
and using Lemma 6.6, (6.4) instead of Lemma 6.3, Corollary 6.4. 
Corollary 6.8. If 0 < t < Tmax, then there exists some positive constant C
independent of t such that
|χ2Rm(g(t))| ≤ C
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Proof: Straightforward from Lemma 6.7. 
Choose T̂2 > 0 such that
exp
(
2n3Ĉ1N̂T̂2
)
=
3
2
(6.21)
and choose q = 1, p′ = 0, p = n2 , ǫ =
1
16 in Lemma 6.1, do similar argument
as in Corollary 6.4, if 0 ≤ t ≤ Tmax ≤ T̂2,( ∫
Bi∩Ω
|Rm(g(t))| n2 dVg(t)
) 2
n ≤
(3
2
N̂
) 2
n
(
τnÂ0
)−1
, i = 1, 2, 3, · · ·
Define
T̂3,1 =
[(2p0 − n) ln 2
32p0
Ĉ−13 K̂−11
[(r−20 + 1)Â0]− n2p0 ] 2p02p0−n
T̂3,2 =
[(2p0 + n) ln 2
32p0
Ĉ−13 K̂−11
[(r−20 + 1)Â0]− n2p0 ] 2p02p0+n
T̂3 = min{T̂3,1, T̂3,2}(6.22)
By Proposition 6.5 and similar argument as in Proposition 5.11, if 0 ≤
t < Tmax ≤ min{T̂1, T̂3}, then 2− 14 g0 ≤ g(t) ≤ 2 14 g0.
We define
T̂4 = min{T̂1, T̂2, T̂3}(6.23)
By the above argument, similar as Proposition 5.13, we have
Proposition 6.9. If 0 < Tmax ≤ T̂4, then on [0, Tmax), we have
(6.24)

( ∫
Bx(r0) h
2n
n−2 dVg0
) n−2
n ≤ 2Â0
∫
Bx(r0) |∇h|
2dVg0 ,
2− 14 g0 ≤ g(t) ≤ 2 14 g0,( ∫
Bi∩Ω |Rm(g(t))|
n
2 dVg(t)
) 2
n ≤
(
3
2 N̂
) 2
n
(
τnÂ0
)−1
,
|χ2Rm(g(t))| ≤ C
for any x ∈ Mn and h ∈ C∞0 (Bx(r0)), where C is independent of t.
By similar argument to the proof of Theorem 5.14, we have the following
theorem:
Theorem 6.10. Assume (Mn, g0) is a n-dimensional (n ≥ 3) complete non-
compact Riemannian manifold, which satisfies (6.1). Then local Ricci flow
(1.2) has a smooth solution on [0, T̂42 ]. Moreover, for t ∈ (0, T̂42 ], the metric
satisfies (6.3) and the curvature tensors satisfy the estimates (6.19), (6.20).
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7. Short-time existence of the Ricci flow
In this section we consider the family of local Ricci flows converging to
the Ricci flow on a noncompact manifold Mn, we can get the short time
existence of the Ricci flow on Mn when we have the uniform lower bound
of existence time for the family of the local Ricci flows . At many points in
this section, we will take a subsequence; to simplify notation, at each stage
a sequence such as {χk} will be re-indexed to continue to be {χk}.
Proof of Theorem 1.1: Choose
Ωi = {x| dg0(x,O) ≤ 4i, x ∈ M} i = 1, 2, · · ·
where O is some fixed point in M. Construct χi, which is a smooth cut-off
function on M, such that
χi+1(x) =
{
1 x ∈ Ωi
0 x ∈ M\Ωi+1
and
(7.1) 0 ≤ χi ≤ 1, ‖∇χi‖∞ ≤ 1, lim
i→∞
χi(x) = 1
Note T2 is independent of χi. By Theorem 5.14, for each k, there exists
gk(t) which is the solution of the following local Ricci flow on [0, T22 ]:
(7.2)
{
∂
∂t gk = −2χ2kRc, x ∈ M
gk(x, 0) = g0(x), x ∈ M
Then fix i, for any 0 < t1 < T22 , we have
(7.3) ‖∇mk Rmk(x, t1)‖(gk(t1),∞) ≤ C(m,Ωi, t1), x ∈ Ωi, k ≤ i
where ∇k and Rmk are with respect to gk(t) and Ci(m) is a sequence of con-
stants independent of k. For simplicity, we use the notation |∇mk Rmk(x, t1)|∞
instead of ‖∇mk Rmk(x, t1)‖(gk(t1),∞). If k > i, on Ωi, gk satisfies (1.1) which is
the Ricci flow. From (5.17)
(7.4) |χ2kRmk(x, t1)|∞ ≤ C2
(
t
− n2p0
1 +C
n+2
2p0
1 t
1
p0
)
, x ∈ M, ∀k
Note C1, C2 are independent of k. Hence by definition of χi,
(7.5) |Rmk(x, t1)|∞ ≤ C2
(
t
− n2p0
1 +C
n+2
2p0
1 t
1
p0
)
, x ∈ Ωi , k > i
Then by Theorem 14.14 in [3],
(7.6) |∇
m
k Rmk(x, t1)|∞ ≤ C(A0, K1, n,m, p0, r0, t1,Ωi)t
−m2
1
= C(A0, K1, n,m, p0, r0, t1,Ωi)
for any x ∈ Ωi and k > i.
RICCI FLOW ON NONCOMPACT RIEMANNIAN MANIFOLDS 53
By (7.3) and (7.6),
(7.7) |∇mk Rmk(x, t1)|∞ ≤ Ci(m) x ∈ Ωi, ∀k ≥ 0
where Ci(m) is a sequence of constants independent of k.
When t ∈ [0, T22 ], by Theorem 5.14
(7.8) 1
2
g0 ≤ gk(t) ≤ 2g0,
then
C1
√
det g0 ≤
√
det gk(t1) ≤ C2
√
det g0
By Lemma 5.2 of [15], there exists some τ0 > 0, such that
(7.9) in jgk(t1)(O) ≥ τ0
By (7.7) and (7.9), Theorem 3.9 in [2] applies for (Ωi, gk(t1),O)k∈N, then
lim
k→∞
gk(x, t1) = g∞(x, t1)
where the limit is in C∞ sense on Ωi. Hence
(7.10) |∇̂mgk(x, t1)|∞ , |∇mg0gk(x, t1)|∞ ≤ Ci(m) x ∈ Ωi
where Ci(m) is a sequence of constants independent of k.
From Theorem 14.14 in [3] and the argument of getting (7.6), when k > i,
we have
(7.11) |∇mk Rmk(x, t)|∞ ≤ Ci(m) , (x, t) ∈ Ωi × [t1,
T2
2
]
If k ≤ i, it is easy to get (7.11) is also true. So for any k, (7.11) is true,
where Ci(m) is independent of k.
Then by (7.7), (7.10), (7.11) and Lemma 3.11 in [2],∣∣∣∣ ∂q
∂tq
∇̂mgk(x, t)
∣∣∣∣∞ ≤ Ci(m,q), (x, t) ∈ Ωi × [t1, T22 ], ∀k ≥ 0
where Ci(m,q) is a sequence of constants independent of k.
Now by Arzela-Ascoli theorem, we get
lim
k→∞
gk(x, t) = g∞(x, t) (x, t) ∈ Ωi × [t1, T22 ]
where the limit is in C∞ sense. Because i and t1 are arbitrary, by the diagonal
method,
(7.12) g(x, t) , g∞(x, t) = limk→∞ gk(x, t) (x, t) ∈ M × (0,
T2
2
]
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Then
| limt→0
(
g(x, t) − g0(x))| = | limt→0 limk→∞ (gk(x, t) − gk(x, 0))|
= | limt→0 limk→∞
∫ t
0
∂
∂s
gk(x, s)ds|
≤ limt→0 limk→∞
∫ t
0 |2χ2kRck|∞
≤ C limt→0(t1−
n
2p0 + t1+
1
p0 ) = 0
In the last inequality above, we used (5.21). Hence we can define
(7.13) g(x, 0) = g0(x) x ∈ Mn
Then by (7.2), (7.12) and (7.13), we get g(t) is the solution of the Ricci
flow (1.1) on Mn × [0, T ]. This is the first conclusion of theorem 1.1; it
remains to prove the estimates (1.4).
Now by (7.5) and (7.12),
|Rmg(x, t1)|∞ ≤ limk→∞ |Rmk(x, t1)|∞ ≤ C2
(
t
− n2p0
1 +C
n+2
2p0
1 t
1
p0
1
)
for any x ∈ Mn and t1 ∈ (0, T22 ].
We take (Mn, g( t12 )) as the initial conditions of the Ricci flow, then the
Ricci flow has solution on Mn × [ t12 , T22 ] and
(7.14)
∣∣∣∣Rmg( t12 )
∣∣∣∣∞ ≤ C(A0, K1, n, p0, r0)(t−
n
2p0
1 + t
1
p0
1 )
Now define
(7.15) g˜(x, t) =
[
C(t−
n
2p0
1 + t
1
p0
1 )
]
· g
(
x, t12 + t
[
C
(
t
− n2p0
1 + t
1
p0
1
)]−1)
where C = C(A0, K1, n, p0, r0) in (7.15) is the same as in (7.14). Then from
scaling argument,
∂
∂t g˜i j(x, t) = −2 ˜Ri j(x, t)
g˜(x, 0) =
[
C(A0, K1, n, p0, r0)(t
− n2p0
1 + t
1
p0
1 )
]
g(x, t12 )
We already know that gi j and its Ricci flow exist on [ t12 , T22 ], g˜i j and its
Ricci flow exists on
[
0, (T22 − t12 )C(A0, K1, n, p0, r0)(t
− n2p0
1 + t
1
p0
1 )
]
. We use
{ ˜Ri jkl(x)} and ˜∇ to denote, repectively, the Riemannian curvature tensor and
the covariant derivative with respect to g˜i j(x, 0).
Note |R˜m| ≤ 1 on M, by Lemma 7.1 of [12], there exists a positive con-
stant C(n,m), such that for any m ≥ 0, if
t ∈
(
0, (T2
2
− t1
2
)C(A0, K1, n, p0, r0)
(
t
− n2p0
1 + t
1
p0
1
)]
we have
(7.16) | ˜∇mR˜m(x, t)|2 ≤ C(n,m)
tm
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by (7.15) and (7.16), for t12 < t ≤ T22 ,
|∇mRm(x, t)|2 ≤
C(n,m)
[
C(A0,K1,n,p0,r0)(t
− n2p0
1 +t
1
p0
1 )
]m+2
[
C(A0,K1,n,p0,r0)(t
− n2p0
1 +t
1
p0
1 )(t−
t1
2 )
]m
≤ C(A0,K1,m,n,p0,r0)(t−t1)m (t
− n2p0
1 + t
1
p0
1 )2
Then
|∇mRm(x, t1)|2 ≤ C(A0, K1,m, n, p0, r0)tm1
(t−
n
2p0
1 + t
1
p0
1 )2, m ≥ 0
Because t1 is chosen arbitrarily,
|∇mRm(x, t)| ≤ C(A0, K1,m, n, p0, r0)
t
m
2
(t− n2p0 + t 1p0 ), f or 0 < t ≤ T2
2
, m ≥ 0

Remark 7.1. In fact, the assumption about the integral of curvature tensor
in the above theorem can be weakened as(?
Bxi (r0)
|Rm|p0
) 1
p0 ≤ K1
where Bxi(r0) is chosen as in Lemma 5.4.
Remark 7.2. By Remark 5.15 and the argument in Theorem 1.1, if (Mn, g0)
satisfies (5.29), the Ricci flow (1.1) has a smooth solution on [0, T ], where
T > 0 is some positive constant.
Proof of Corollary 1.2: Because Rc(g0) ≥ −Kg0, by Theorem 3.1 in [10]
and Corollary 1.1 in [8], A0 ≤ C(n, K, r0), then apply Theorem 1.1, we get
our conclusion. 
We also have the following corollary which is part of Shi’s Theorem.
Corollary 7.3. Let (M, g0) be an n-dimensional complete noncompact Rie-
mannian manifold with its Riemannian curvature tensor {Ri jkl} satisfying
|Rm| ≤ k0 on M, where 0 < k0 < +∞ is a constant. Then there is a constant
T (n, k0) > 0 depending only on n and k0 such that the evolution equation
(1.1) has a smooth solution gi j(x, t) on [0, T (n, k0)].
Proof: By |Rm| ≤ k0, there exists K = nk0 such that
Rc(g0) ≥ −Kg0
and it is obvious (?
˜Bx(1)
|Rm(g0)|ndVg0
) 1
n ≤ k0
Now we choose
K = nk0, K1 = k0, p0 = n, r = 1
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then by all the above choice of K, K1, p0 and r, (1.6) in Corollary 1.2 are
satisfied. We get our conclusion. 
By Theorem 6.10, we can use similar argument in the proof of Theorem
1.1 to get the following theorem.
Theorem 7.4. Assume (Mn, g0) is a n-dimensional (n ≥ 3) complete non-
compact Riemannian manifold satisfying (6.1). Then the Ricci flow (1.1)
has a smooth solution gi j(x, t) on [0, T̂4] (where T̂4 is defined in (6.23)) and
satisfies the following estimates. For any integer m ≥ 0, there exists a posi-
tive constant C(Â0, K̂1, N̂1,m, n, r0) such that
sup
x∈Mn
|∇mRm(x, t)| ≤ C(Â0, K̂1, N̂1,m, n, r0)
t
m
2
(t−1 + t), 0 < t ≤ T̂4
2
Especially,
sup
x∈Mn
|Rm(x, t)| ≤ C(n, N̂1, r0)(t−1 + t), 0 < t ≤ T̂42
where C(n, N̂1, r0) depends only on n, N̂1 and r0.
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